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Abstract. It is known since the works of Zariski in early 40ies that desingular- 
ization of varieties along valuations (called local uniformization of valuations) 
can be considered as the local part of the desingularization problem. It is still 
an open problem if local uniformization exists in positive characteristic and 
dimension larger than three. In this paper, we prove that Zariski local uni- 
formization of algebraic varieties is always possible after a purely inseparable 
extension of the field of rational functions, and therefore any valuation can be 
uniformized by a purely inseparable alteration. 



1. Introduction 

The aim of this paper is to prove that an integral algebraic variety over a field 
can be desingularized locally along a valuation by a purely inseparable alteration. 
An equivalent reformulation of this result is that any integral algebraic variety X 
can be covered by integral regular X-schemes Yi , . . . , such that each morphism 
Yi ^ X \s dominant, of finite type and the extensions k{Yi)/k{X) of the fields of 
rational functions are finite and purely inseparable. As for the definition of the 
covering, we prefer the following ad hoc definition: Uflj^Y; — > X as above is a 
covering if any valuation on k{X) with center on X lifts to a valuation on some 
k{Yi) with center on Yi. 

To put our result into a general context of desingularization theory we observe 
that a general aim of desingularizing an integral scheme X is to find a morphism 
f :Y X such that Y is regular, / is a covering in a natural topology (usually h- 
topology) and Y is as "close" to X as possible. Let Yi, . . . , denote the irreducible 
components of Y with Ki = k{Yi). Usually, one seeks for / such that its restriction 
on each Yi is separated, of finite type, dominant and generically finite; in particular, 
Ki is finite over K ~ k{X). In this case, we say as earlier that / is a covering if any 
valuation on X lifts to a valuation on some Yi. Although we will not need that, we 
remark that the flattening theorem of Raynaud- Gruson implies that the topology 
of such coverings is nothing else but the topology generated by modifications and 
flat quasi-finite coverings, and that / is a covering if and only if it is a covering in 
the /i-topology of Voevodsky, see [Vo] . Since / should be as " small" as possible, 
usually one tries to control m and the extensions Ki/K, though it is not always 
possible with concurrent methods. Our result provides a partial control on Ki/K, 
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in particular, it implies that [Ki : K] = p'^, where p is the characteristic. For the 
sake of comparison, we briefly describe other known results. 

(i) Actual desingularization: m = 1 and Ki = K. Proved by Hironaka in [Hir] 
for varieties of characteristic zero. Moreover, it is achieved by blowing up smooth 
centers, so one obtains / of a very special form. It was later proved that one can 
build / functorially, see, for example, [BM]. The case of general quasi-excellent 
schemes over Q was deduced in [Tem4]. In positive characteristic, the case of 
threefolds was proved recently by Cossart and Piltant in [CPl] and [CP2]. The 
main ingredient of their proof is local uniformization of threefolds. 

(ii) Local uniformization: K = Ki = ■ ■ ■ = Km ■ The problem was introduced 
by Zariski, who named it local uniformization and considered as a local part of 
the classical desingularization problem. Zariski established in [Zarl] the case of 
varieties of characteristic zero (though he could deduce global desingularization 
only for threefolds). In positive characteristic, the only known proof for threefolds 
is very complicated, see [CPl] and [CP2], and the case of dim(X) > 3 is widely 
open. 

(iii) Alterations: m = 1 and f is proper. Such / is called an alteration. This 
very successful weakening of the classical desingularization problem was introduced 
by de Jong in [dJl]. The new problem can be solved with reasonable effort for 
any scheme of finite type over an excellent curve, but it can replace the classical 
desingularization in many applications. In addition, de Jong proved that Ki/K 
can be chosen to be separable. It was recently announced by Gabber that one can 
also achieve that [Ki : K] is prime to a given prime I invertible on X, see a survey 
on Gabber's work by lUusie, [111, Cor. 1,2]. No further control on Ki/K is known. 

(iv) Altered local uniformization of Gabber: no restrictions on m and Ki 's. Gab- 
ber proved that weak local uniformization exists for any quasi-excellent scheme 
(which is a much more general case than usual methods treat). This result plays a 
key role in Gabber's proof of a fundamental finiteness theorem for etale cohomology 
of general quasi-excellent schemes. Moreover, in order to control l-torsion coeffi- 
cients Gabber proved a prime-to-/ strengthening of the weak local uniformization 
whose precise formulation can be found in [111], see Theorems 2 and 3. 

(v) Inseparable local uniformization: K^/K are purely inseparable. This is our 
Corollary 1.3. 

Conjecture 1.1. Let X be an integral algebraic variety. Then there exists an 
alteration f :¥ ^ X with regular Y and a purely inseparable extension k{Y)/k{X). 

This is conjecture [AO, 2.9], and it is absolutely open so far. Our main result 
is its local version along a valuation. We formulate this result in Theorem 1.2 
below and call it inseparable local uniformization. Given a finitely generated field 
extension K/k and a valuation ring K° D k oi K (i.e. K = Frac(-ftr°)), by a k- 
model of K° we mean any integral A;- variety X with generic point Spec(iir) — ^ X 
and such that K° is centered on X. In particular, an affine model is given by a 
finitely generated fc-subalgebra A C K° with Fi&c{A) = K. As usual, by saying 
that a model X' refines X we mean that the isomorphism of their generic points 
extends to a morphism f : X' ^ X. 

Theorem 1.2. Let K/k be a finitely generated field extension, K° be a valuation 
ring of K containing k and X be an affine k-model of K° . Then there exist finite 
purely inseparable extensions l/k and L/IK and an affine model X' of K° such that 
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X' refines X and the unique extension of K° to a valuation ring of L is centered 
on a simple l-smooth point of the L -normalization J\frL{X'). 

Here A/'rL(Spec(j4)) is the scheme Spec{AfrL{A)) whore J\frL{A) is the integral 
closure of A in L. Recall also that a smooth point x on an Z-variety is called simple 
if k{x) is separable over I. By quasi-conipactness of the Riemann-Zariski space 
of valuations centered on an algebraic variety, see §2.3, the Theorem implies the 
following Corollary, which is another form of inseparable local uniformization. 

Corollary 1.3. Let X be an integral algebraic variety. Then there exists a covering 
f : W^-^Yi — >■ X such that each Yi is integral and regular and f induces a finite 
purely inseparable extension k{Yi)/k{X). 

Remark 1.4. We use affine models in Theorem 1.2 because the problem is of 

local nature, and so our formulation seems to be the most natural one. One easily 
sees that our formulation implies (and hence is equivalent to) the more traditional 
version where X is assumed to be proper and one requires X' to be fc-projective 
(first refine X so that it becomes projective and then find an affine X' as in the 
Theorem and replace the latter with its X-projective compactification) . Similarly, 
one can achieve in addition that f : X' ^ X is a. blow up. 

Remark 1.5. (i) Without loss of generality, X' is normal. Then taking n so that 
LP C K and using the Frobenius isomorphism : X'^Afrj^i/p^^ (X') we obtain 
an integral purely inseparable morphism of schemes h : X' — >■ J\frL{X') which maps 
the center of K° to a regular point. (Throughout this paper, integral morphism 
always means a morphism of the form Spec(A) — > X where A is an O^-algebra 
which is integral over Ox) Moreover, if [k : fc^] < oo then h is finite. 

(ii) The observation from (i) can be sharpened as follows. Assume that [k : k^] 
is finite. Then there exists a tower K = Km Z) ■ ■ ■ Z) L'p — Ka such that each 
Ki = ifj_i(aVP) is purely inseparable of degree p over Set K° = K° fl Ki. 
By (i), Kq is locally uniformized by a regular scheme Xq = Spec(Ao) (isomorphic 
to MrL{X')). Multiplying oi by an appropriate p-th power we can achieve that 
a\ e Aq, and then is centered on the model Ai = AQ[t\/{t'P — ai) oi K^. If we 
know how to uniformize valuations on /Xp-torsors over regular schemes, then we can 
uniformize K°, and proceeding inductively to K2, etc., we would uniformize the 
original K° . 

(iii) Thus, Theorem 1.2 implies that local uniformization would follow from lo- 
cal uniformization of hypersurfaces in A''+'^ given by equations of the form t^ = 
f{xi, . . . , Xd). The latter case is often called the inseparable case, and it was always 
recognized as an important test case for desingularization methods, where all "bad 
things" can happen. However, the inseparable case was not viewed as the general 
case. 

(iv) For example, Cossart and Piltant in their proof of local uniformization of 

threefolds had to study singularities of the form tP+g{xi, X2, xs)P~^t+f{xi, X2- x^) = 
0, which they call Artin-Shreier case for (7 7^ and inseparable case for <? = 0. More- 
over, the proof of the Artin-Shreier case required more work in [CP2]. 

Now, let us describe our method and the organization of the paper. Very roughly, 
the proof of Theorem 1.2 runs as follows. Similarly to de Jong's approach, the 
initial idea is to fiber varieties by curves and prove the Theorem by induction on 
the dimension. The induction step is deduced from inseparable local uniformization 
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of curves over valuation rings, which is deduced in its turn from a non- Archimedean 
analytic analog via a decompletion procedure. 

In §2 we collect certain results on schemes over valuation rings. We introduce 
valued fields in §2.1. Since schemes of finite type over valuation rings may have non- 
finite normalization, we introduce morphisms of normalized finite type/presentation 
and study their compatibility with projective limits in §2.2. In §§2.3-2.4, we 
use Riemann-Zariski spaces to generalize Zariski connectedness theorem to non- 
noetherian case and to prove a birational criterion 2.4.5 for a morphism of normal 
schemes to be etale. For schemes of normalized finite presentation over a valuation 
ring of height one we define analytic generic fibers in §2.5, and in the next section 
we prove the; main result of §2, Thciorcmi 2.6.1 which gives an analytic criterion for 
a morphism between such schemes to be strictly etale at a point. In a very natural 
way, the criterion states that / should induce isomorphism of the corresponding 
analytic fibers, but the proof is not easy since it is based on many results from 
§§2.1-2.5. Finally, in §2.7 we apply Theorem 2.6.1 to study equivalence of points in 
smooth topology. We show that smooth-equivalence descends from projective lim- 
its and prove an analytic criterion 2.7.2 for a point x on a scheme X of normalized 
finite presentation over a valuation ring k° to be smooth-equivalent to the closed 
point of the spectrum of a larger valuation ring 1° . Note that it is very important 
to cover the case of not discrete valuations with a ramificid extension Z/fc, and that 
in this case X is not of finite presentation locally at x because 1° is not finitely 
generated over k° (see also Remark 2.7.3). This explains why we have to work in 
unusual generality of morphisms of normalizcid finite presentation. 

The first two sections of §3 are devoted to local uniformization of a fc-analytic 
curve over a perfect analytic field k of positive characteristic. Theorem 3.2.4 
states that any so-called terminal point of C^""- (i.e. type 1 or type 4 point in 
Berkovich classification) lies in an m-split disc for a finite extension m/k. Note 
that the proof of this Theorem is ultimately based on a difficult Theorem [Tem3, 
2.4.1], where one-dimensional extcinsions of perfect analytic fields arc studied. The- 
orem 3.2.6 generalizes 3.2.4 to any fc, but then an m-split disc exists only after a 
preliminary purely inseparable extension l/k of the ground field. Finally, we use a 
decompletion procedure to prove Theorem 3.3.1 stating that certain valuations on a 
curve C over a ground valuation ring k° of height one can be uniformized by points 
which are smooth-equivalent to the closed point Spec(TO°) for a larger valuation 
ring m°. The Theorem only applies to valuations with transcendental defect over k 
(see §2.1 for the terminology on valued fields), that is, for valuations corresponding 
to terminal points on C^^. 

Remark 1.6. I do not know if a similar uniformization result can be proved for 
other valuations on C. 

We prove Theorem 1.2 in §4. In §4.1, we use induction on the dimension (i.e. 
tr.deg.^(if)) to establish the main case when K is of height one. The induction 
step is based on Theorem 3.3.1, so it applies only to essentially immediate one- 
dimensional extensions K/k of valued fields of height one. Fortunately, this suffices 
for our needs because we can start the induction with valued fields which are Ab- 
hyankar over the trivially valued ground field k (i.e. valued fields with no transcen- 
dental defect over k). Abhyankar valued fields can even be locally uniformized, see 
[KK], and we generalize and reprove this result in §5 using logarithmic (or toroidal) 
geometry. Another difficulty in the inductive proof of Theorem 1.2 is mentioned in 
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Remark 4.1.2, and it forces us to prove in Theorem 4.1.1 a slightly stronger version 
of inseparable local uniformization for height one valued fields. Finally, it is a usual 
situation with local uniformization that the main difficulty is met already in the 
height one case, and our case is not an exception. In §4.2, we conclude the proof 
of the main Theorem 1.2 by induction on the height of the valuation (up to the 
Abhyankar case which involves logarithmic geometry and is postponed until §5 for 
expository reasons). The paper contains an appendix, where we recall some results 
on monoids which are used in §5. 

Remark 1.7. As we explained above, the inductive argument used in the case of 
height one valuations is more complicated than direct induction on the dimension. 
Actually, it runs by induction on the defect rank, and it uses the case of zero defect 
rank as its base (which requires a separate proof). This scheme is very natural 
because it is well known that "complexity" of the valuation growthes with the 
defect rank D (and is adequately described by D). Nevertheless, such induction 
seems to be new in the desingularization theory, though it should be noted that 
it appeared independently in the recent works [Kedl] and [Ked2] of Kedlaya. An 
interesting common feature of both works is that the induction step is done by 
working with Berkovich analytic discs. 

We conclude the Introduction with the remark that since Theorem 1.2 is estab- 
lished, it is very challenging to attack the inseparable desingularization conjecture 
1.1. It seems very unlikely that our method as it is can be globalized to give an 
a-la de Jong proof of the conjecture. The problem is that for any specific valuation 
we have to choose an appropriate sequence of curve fibrations in order not to be 
stuck with the problem described in Remark 1.6, so no global fibration suits all 
valuations simultaneously. The author nevertheless hopes that inseparable local 
uniformization can be useful in attacking the conjecture. 
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2. On schemes over valuation rings 



2.1. Valued fields. The aim of this section is to recall some facts about valued 
fields and to fix our terminology. The reader may also wish to consult [Tcm3, §2.1], 
where a more detailed review is given. By a valued field k we mean a field provided 
with a valuation ring which will be denoted k° . Alternatively, this information can 
be given by an equivalence class of valuations (or absolute values) | | : fc^ — >■ F with 
values in an ordered multiplicative group. The ordered group is well defined 
up to an isomorphism, and the height (or rank) of k is the height of |A;^|, that is 
the number of its non-trivial convex subgroups. Note that it is convenient not to 
fix r by requiring that \k^ \ = F. For example, k is of height one if and only if \k^ \ 
admits an ordered embedding into R^, and it is often the most natural choice to 
take F = R^. Let k°° denote the maximal ideal of k° and k = k° /k°° denote the 
residue field. If k is of height one then we will use the letter tt to denote a non-zero 
element from k°° and wc will denote the (7r)-adic completion of k° by k° and the 
completion of k by k. Note that k = Frac(/c°) = (fc°),r. We say that k is analytic if 
it is complete and F = R^. 

By extension l/k of valued fields wc mean an inclusion k ^ I which respects the 
valuations in the sense that 1° Ci k — k° . If n = : fc] is finite then it is standard 
to introduce the numbers e = 6;/^ = and / = ///^ = [I : k], and the 

extension is called immediate if e/ = 1, i.e. I and k have the same residue fields 
and groups of valuations. An easy classical result states that e/ < n. Moreover, 
if the valuation of k extends uniquely to I (for example, this is the case when k 
is analytic) then ef divides n and the number d = di/k = n/{ef) is called the 
defect of the extension. The defect is always a power of p = char(fc) (this and 
many other statements in the paper make sense for exponential characteristic, i.e. 
p = should be replaced with p = 1: usually wc will not remark when p = 1 
should be used, since it will always be obvious) , and if d = 1 then we say that the 
extension is defectless. If, more generally, the valuation of k admits m extensions 
to / and ei, . . . . e,,,., fi, ■ ■ ■ , fm are the corresponding invariants of valued extensions 

then ei/i H temfm < n and the extension is called defectless when the equality 

holds. A valued field k is called stable if any its finite extension is defectless. For 
the sake of completeness we discuss briefly how one can define defect numbers in 
general, though it will not be used in the sequel. 

Remark 2.1.1. There is a natural one-to-one correspondence between (a) exten- 
sions of the valuation on fc to (b) maximal ideals of the integral closure of k° in 
I, and (c) the valued fields U over the henselization k^ of k (i.e. k^ is the fraction 
field of the henselization of k°) such that k^ ®kl = ©i^i^i- So, one can define 
rii = \li : k^\ and di = ni/{eifi). Obviously, eif\d\ -|- • • • -|- emfmdm = n and it 
is not difficult to prove that di G p^. Note that a similar definition of henselian 
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degrees rii is used in §2.4, where we study a more general class of unibranch local 
rings. 

Since we will have to work with infinite extensions of valued fields, it seems 
natural to also introduce the following invariants: for any extension l/k oi valued 
fields set E = Ei/f. = dimqdP | (8)z Q) and F = Fi/k = tr.deg.^(i) (sometimes 
these cardinals are called the rational rank and the dimension). We say that the 
extension is essentially immediate ii E = F = 0, i.e. l/k is algebraic and 
is torsion. For a general l/k, let B C l^ be such that the following condition is 
satisfied: (*) B = Be U Bp, \b\ = 1 for any b G Bp and the reduction maps 
Bp bijectively onto a transcendence basis Bp of / over fe, and the projection of 
P onto the multiplicative Q- vector space (|P|/|fc^|) ®z Q maps Bp bijectively 
onto a Q-basis. We omit a rather straightforward check that the elements of B are 
algebraically independent over k (see, for example, [CT2, 4.8], where it is proved 
that the graded reduction of B is a transcendence basis of the graded reduction of I 
over that of k). It follows, in particular, that E + F cannot exceed n = tr.deg.j.(l), 
and when n is finite we define defect rank D = Di/k = n — E — F. It l/k admits 
a transcendence basis B that satisfies (*) then we say that l/k is Abhyankar (or 
essentially defectless) and B is an Abhyankar transcendence basis. Note that for 
a finite n the extension is Abhyankar if and only if Dyi- = 0, and then any B 
satisfying (*) is an Abhyankar transcendence basis. 

Remark 2.1.2. Choose any B = Bp U Bp that satisfies (*). Then the extension 
l/k splits to a tower l/k{B)/k with Abhyankar bottom level and essentially imme- 
diate top level. In particular, one can define Di/f. for a general extension l/k as 
tr.deg.;;,(g)(/), and this agrees with the above definition when tr.deg.j.(/) < oo. 

Remark 2.1.3. Let l/k be an Abhyankar extension of finite transcendence degree. 
Then one easily sees that I is a finitely generated extension of k of transcendence 
degree F and is a finitely generated group whose torsion is contained 

in(|A;^|i8'zQ)/|fc^|- In particular, if |fc^| is divisible (for example, trivial) then 
|P |/|A:^ I is a lattice of rank E. We will also need the well known but rather deep 
fact that if k is stable then I is stable (we will be interested in the case when 
k is trivially valued). This fact, for example, was proved in the thesis of F.-V. 
Kuhlmann, but since it is diflScult to give a direct reference we indicate how it 
can be deduced from the results of [Tem3, §2], where an analytic analog is proved 
(i.e. one deals with topologically finitely generated extensions of analytic fields). 
The reduction consists of many easy steps: (i) one can assume that I = k{x) is 
of transcendence degree 1; (ii) by the same easy argument as used in the proof of 
[Tem3, 2.4.6], it suffices to consider the case when k is algebraically closed; (iii) 
by a limit argument we can assume that k is of finite transcendence degree over a 
prime field, in particular, the height of k is finite; (iv) a valuation of finite height 
/i > 1 is stable if and only if it is composed of stable valuations of smaller height, 
hence everything follows from the case of height 1; (v) a valued field / of height one 
is stable if and only if I is stable and l/l is separable, but I is stable by [Tem3, 2.4.6] 
(in the case of F;/^. = 1, which is the more difficult one, it is actually the stability 
theorem of Grauert-Remmert [BGR, 5.3.2/1]); (vi) one checks straightforwardly 
that l/l is separable in our case (the p-rank of I = k{x) is one, i.e. I has unique 
inseparable extension of degree p, which is easily seen to be not contained in I). 
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2.2. Normalization. Since schemes of finite presentation over valuation rings are 
non-noetherian and often have non-finite normalizations, we will discuss normaliza- 
tion of reduced schemes. In applications all schemes will have noetherian underlying 
topological space, so the reader can have in mind only this particular case through- 
out §2.2. 

For any reduced ring A let Frac(A) denote the total ring of fractions of A, 
i.e. the ring obtained by localizing A along the multiplicative family of regular 
elements f G A (i.e. / is not a zero divisor) . Then the localization homomorphism 
A Frac(A) is injective and any regular element of Frac(A) is invertible. The 
scheme Spec(A) has finitely many maximal points if and only if Prac(A) is a finite 
product of fields. If this is the case then for any g G A the ring Frac(y4)g has 
no non- invertible non-zero divisors, hence the morphism Frac(^)g Frac(^g) 
is an isomorphism. In particular, on any reduced scheme X with finitely many 
maximal points there exists a quasi-coherent sheaf of rings A4x, which we call 
the sheaf of meromorphic functions, such that A4x{U) = Fra,c{Ox{U)) for any 
afBne open subscheme U ^ X. For A as above, let Afr{A) be the integral closure 
of A in Frac(^). Then the normalization Afr{A) commutes with localizations, 
hence we can glue affine normalizations to a normalization Afr{X) of X. Notice 
that one can reformulate this as Nr{X) = Spec(A/'r(C'x)), where Nr{Ox) is the 
normalization of Ox in A^x- By a partial normalization of X we mean any scheme 
X' = Spec(J") for an Ox-subring T ^ Mr {Ox)', note that X' is integral over X 
andMriX')'^Afr{X). 

In addition to absolute normalization, wc will also need notions of y-normalization 
and y-modification of X with respect to a morphism f : Y ^ X. Although we 
repeat here a general definition from [Tem3, §3.3], where one only assumes that 
/ is quasi-compact and quasi-separated, the reader can have in mind only the 
cases described in Example 2.2.3 below (in which / is either a point (i.e. Y is 
the spectrum of a field) or the embedding X,^ X of the generic fiber X^ of a 
morphism X ^ S with an integral target). If F = Spec(S) and X = Spec(A) 
then wc define AfrB{A) to be the integral closure of the image of A in B, and 
set AfrriX) = Spec{N'rB{A)). In general, let AfryiOx) be the integral clo- 
sure of the image of Ox in the quasi-coherent sheaf of rings f^^Oy- Then the 
F-normalization of X is defined as NryiX) = Spec(A/'ry (Ox)) and for any Ox- 
subring T M- Nry{Ox) the scheme Spec(J^) is called a partial Y -normalization of 
X. Recall that a modification of X is a proper morphism X' X which restricts 
to an isomorphism of schematically dense subschemes, and by a Y-modification of 
X we mean a factorization of / into a composition of a schematically dominant 
morphism f : Y ^ X' with a proper morphism g : X' ^ X . Note that the 
family of all (finite) modifications is filtered and has a final object Xq which is the 
schematic image of y in X (recall that Xq is the minimal closed subscheme of X 
such that y factors through Xq, so Xq = Spec(J^o) where To is the image of Ox 
in f,Oy). 

Remark 2.2.1. Let X be a reduced scheme with finitely many maximal points. 
Then rj = Spec(Alx) is the set of the maximal points of X, and for the natural 
embedding i^ : r] ^ X one has that O^ = and M.x = {in)*Or,. In par- 

ticular, the absolute normalization Nr{X) is isomorphic to Afrri{X). So, in the 
general definition of Nry{X) it is natural to view the sheaf /*(C'y) as the sheaf of 
meromorphic functions on X with respect to Y. 
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The following Lemma is a consequence of [EGA I, 6.9.15]. 

Lemma 2.2.2. If Y ^ X is a morphism of quasi- compact and quasi- separated 
schemes then any partial Y -normalization X' of X is X -isomorphic to the projec- 
tive limit of all finite Y -modifications of X which are dominated by X' . In par- 
ticular, if X is reduced and has finitely many maximal points then any its partial 
normalization X' is X -isomorphic to the projective limit of all finite modifications 
of X dominated by X'. 

Using the Lemma we can generalize the notion of a partial normalization to any 
X: it is the projective limit of a filtered family of finite modifications oi X. As was 
mentioned earlier, we will be interested in two particular cases of y-normalization. 

Example 2.2.3. (i) li Y = Spec(_ftr) for a field K then we will usually say K- 
normalization, ii"- modification, etc., instead of F- modification, y-normalization, 
etc., and write NrK{X) instead of A/'ry(X). If X is covered by open affine sub- 
schemes Xi = Spec(^i) then AfrxiX) is pasted from the schemes Spec(A-), where 
A'^ = AfrxiAi) if the image of Y is in Xi and A'^ ~ Afro{Ai) = otherwise. 

(ii) Let S be an integral scheme with k = k{S) and the generic point rj = 
Spec(A:) {S will be the spectrum of a valuation ring in applications). For an S- 
scheme X we will usually say 77- normalization, 77- modification, etc., instead of X,,- 
modification, X^-normalization, etc., and write A/'r^(X) instead of Afrx^{X). The 
//-normalization of X is pasted from ry- normalizations of affine subschemes, and for 
an aSine X = Spec(i3) sitting over an affine subschcmc Spcc(^) ^ 5* wc have that 
Xr, = Spec{Brj) for B^j = B (Si a k, and Nrr,{X) is the spectrum of the integral 
closure of the image of B m B^. 

Note that for an integral scheme S with generic point 77, Nr^ is a functor 
on the category of S'-schemes. Indeed, it suffices to prove that if S" = Spec(A), 
X = Spec(B) and Y = Spec(C) then any S-morphism Y ^ X lifts uniquely to 
a morphism Mr^{Y) — > J\fr^{X). But if B' and C are the integral closures of 
the images of B and C in B^j = B K and = C 0a K, respectively, then 
the A-homomorphism B ^ C lifts uniquely to an j4-homomorphism B' C. In 
particular, if Y is ry-normal then any S'-morphism Y ^ X factors uniquely through 
J\frn{X). Note also that analogous statements hold for iiT-normalizations of K- 
pointed schemes (where all morphisms are compatible with the iiT-points). In the 
sequel, it will often be convenient to work with normal or //-normal schemes, but, 
unfortunately, the (r/-) normalization morphism can be not finite. This forces us to 
give the following definition. 

Definition 2.2.4. (i) A morphism / : y — > AT is called of norw,alized finite presen- 
tation (resp. normalized finite type) if it is a composition of a partial normalization 
y — >■ yp and a morphism yo — > A of finite presentation (resp. type). 

(ii) Assume that / : y — >■ A is an S'-morphism for an integral scheme S. Then we 
say that / is of rj-normalized finite type/presentation if it is the composition of a par- 
tial //-normalization y ^ yo and a morphism Iq — A" of finite type/presentation. 

Remark 2.2.5. (i) It would be more pedantic to say partially normalized (or 

subnormalized) finite type/presentation, but this seems to be too messy. 

(ii) Note that if y —> A is of //-normalized finite type then Oy has no non-trivial 
Os-torsion because any such torsion is killed by any partial //-normalization. 
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(iii) The following fact was observed by D. Rydh. We include it for the sake of 
completeness (though this will not be used). If S is reduced and with finitely many 
maximal points then the notions of normalized finite type and presentation for 
X ^ S are equivalent. The proof can be easily obtained from [RG, 3.4.6] and the 
fact that any S'-scheme X of finite type can be embedded into a finitely presented 
S'-scheme Y such that X — >■ y is an isomorphism over a dense open subscheme of 
S. 

Definition 2.2.6. Let / : 5" — >■ 5* be a dominant morphism of integral schemes with 
generic points rj' and t]. Then the //-normalized base change functor J^f from the 
category of S'-schemes to the category of S"-schemes is defined as the composition 
of the base change with r/'-normalization, i.e. for an S'- morphism g : Y ^ X, 
J^f{g)=Afrr,'{gxsS'). 

Note that for an Tj'-normal /S"-scheme Y and an S-scheme X, any S-morphism 
Y ^ X factors through Tf{X) = Ur,y{X Xs S') uniquely. Also, if g : S" S' is 
another dominant morphism with an integral source then J^fog = J^g o j . Now, 
we are going to study ?7-normalized filtered projective limits analogously to [EGA, 
IV3, §8]. In applications, we will have a valuation ring O approximated by local 
rings Oa of varieties in the sense that O is a filtered union of Oa- Then S = 
Spec(O) is isomorphic to the filtered projective limit of Sa = Spec(Oc«) and we will 
approximate S'-schemes with ^a-schemes. 

Situation 2.2.7. Let {Sa}aeA be a filtered projective family of integral quasi- 
compact and quasi-separated schemes with dominant affine transition morphisms 
and an initial scheme So- The scheme 5 = projlimSa exists by [EGA, IV3, 8.2.3] 
and is integral by [EGA, IV3, 8.7.3]. Set ka = k{Sa) and rja = Spec(fca). Let, 
furthermore, Xq and Yq be the 770-normalizations of Sg-schemes Xq and Yq of 
finite presentation, and fo ■ Yq ^ Xq he an 5o-morphism. We define XajYa and 
fa (resp. X,Y and /) to be the 77-normalized base changes of Xo,Yo and /o with 
respect to the morphism Sa — > So (resp. S So). 

Proposition 2.2.8. (i) The schemes X and Y are S -isomorphic to proj lim^ 
and proj lim^ y^, respectively, 
(ii) There is a natural bisection 

H : inj lim Homg^ (Ya , )^Hom5 (Y, X) 

(Hi) If an rj-normal scheme Z is of rj -normalized finite presentation over S then 
there exists a G A such that Z is S-isomorphic to the r]-normalized base change of 
an Sa -scheme Za of finite presentation. 

(iv) The morphism f is etale (resp. smooth) if and only if there exists ao G A 
such that for each a> ao the morphism fa is etale (resp. smooth). 

Proof. We deduce the Proposition from its analog in [EGA, IV3, §8]. Let us prove 

that X^proj lim^g^ Xq,. The question is local on Xo, so we can assume that 
it is affine, and then the schemes X' = Xo S and X'^ = Xo Sa and their 
generic fibers over S and Sa, respectively, are also affine, say, X'^ = Spec(AQ), X' = 
Spec(A), Xff = X^ = Spcc(A^) and Xa.rj = X'^ ,^ = Spec(yla,^) (where to simplify 
notation we write ATa,?? instead of ATq^jj^). By [EGA, IV3, §8.2], AT^ = proj lim^ AT^,^ 
and X' = proj lim^ X'^, hence is the filtered union of its subalgebras Aa^rj and 
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A is the filtered inductive Hmit of A^s. Therefore, the subring AArA, (^) of is 
the fihered union of the subrings NrA^ ^ {Aa ) , and applying Spec we obtain that 
X is the filtered projective limit of X^s. Applying the same argument to Y we 
finish the proof of (i). 

To prove (iii) we note that Z is the ry-normalization of a scheme Z of finite pre- 
sentation over S, and then by [EGA, IV3, 8.8.2(ii)] Z is the base change of a scheme 
Za of finite presentation over some Sa- So, Z^ is as claimed. Let us prove (ii). 
Since r/-normalized base changes induce compatible maps from Homg^ (1^0,, X„) 
to Homg^ (Yg, A"^) (for /3 > a) and to Hom5(y, A), a map /i naturally arises. 
We first treat the case when Aq is separated. Then A and all A^'s are sep- 
arated because they are affine over Aq, and so any morphism from the above 
Hom's is determined by its restriction to the generic fibers Ya^-q and Y^j (which 
are schematically dense in Y^ and Y by yy-normality) . Since rj = proj lim^ rja 
and Xa^n = Ag,,, x^^ rja we obtain that A^ = Xo,a ^ V and similarly for F's. 
The ryo-schemes Aq.,, and lo.!) are of finite type, hence there is a natural isomor- 
phism iirj : injlim„g^Hom^^(y„,^, A„,^)^Hom^(y^, A,,) by [EGA, IV3, 8.8.2.(i)]. 
The injectivity of /i follows, and to prove the surjectivity we will find a morphism 
Sa '■ Ya — > A„ which induces a given morphism g : y — > A. Since Y is the projec- 
tive limit of Yq's by (i), [EGA, IV3, 8.13.1] implies that the S'o-morphism F — > Aq 
(which is the composition of g with the projection A — >• Xq — >■ Aq) is induced from 
a morphism g' : Ya — > Aq. Obviously, g' factors through Xq, hence we obtain a 
morphism (7^ : Yq — > Aq. compatible with g. In particular, g^^^ is compatible with 
gri, and therefore 17^ is the base change of ga,ri- Then the schematical density of 
1^ in y implies that g must coincide with the normalized base change of g^, i.e. 
I^{ga) = <7 as required. This establishes the case of a separated Aq, and the general 
case is deduced using an affine atlas for A'q. We omit the details, since we will use 
only the separated case in applications. 

Lemma 2.2.9. Let f : Y ^ X be a smooth (resp. etale) morphism, and assume 
in assertions (iii) and (iv) below that f is an S-morphism for an integral scheme 
S with generic point rj. 

(i) If X is integral and normal then Y is a finite disjoint union of integral normal 
schemes. 

(ii) If X and Y are integral, k/k{X) is a finite extension and I = kk{Y) is any 
k{X)-field that is generated by suhfields k{X) -isomorphic to k and k{Y), then the 
induced morphism Mr i{Y) Nrk{X) is smooth (resp. etale). In particular, taking 
k = k{X) one obtains that J\fr(f ) is smooth (resp. etale). 

(iii) If X is Tf-normal then Y is so. 

(iv) The T] -normalization morphism Mr ^{f) is smooth (resp. etale). In particu- 
lar, if g : S' ^ S is a dominant morphism of integral schemes then the r]-normalized 
base change of f is sm,ooth (resp. etale). 

Proof Note that (in) follows from [LMB, 16.2.1]. (Also, as D. Rydh pointed out 
(iii) holds more generally for any flat / with geometrically reduced flbers by [Laz, 
2.2.1].) The claim of (i) is well known for noetherian schemes. To establish the 
general case we note that the claim is local on A, so we can assume that X is 
afline. Then X is the filtered projective limit of noetherian normal integral affine 
schemes A^, hence Y is induced from some Y^ which is smooth over Aq; . Since 
Y is the filtered projective limit of the X/3-smooth schemes = Yq Xx„ Xp, 
which are normal by the noetherian case, Y is normal. Finally, the number of the 
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connected components of Yg's is easily controlled (it is bounded by the number of 
the geometric components of the generic fiber of Ya over Xa), hence it follows that 
y is a disjoint union of finitely many normal integral schemes. 

The assertions of (ii) and (iv) are deduced from (i) and (iii), respectively, in a 
similar way, so we will prove only (ii). Set X' = Afrk{X) and let /' : Y' X' be 
the base change of /. Since /' is smooth and X' is normal, Y' is a disjoint union of 
integral normal schemes by part (i) of the Lemma. Since the extension k{Y)/k{X) 
is separable by smoothness of /, k (^k{x) k{Y) is a direct product of fields and I 
is one of the components. Let Y^' be the irreducible component of Y' with the 
generic point corresponding to /, then it suffices to prove that J\fri{Y)^Yi' because 
obviously F/ is smooth (resp. etale) over X'. The morphism Afri{Y) — >■ X factors 
through X' , hence we also obtain a morphism from AfriiY) to Y' . It is integral 
because both Nri (Y) and Y' are integral over Y. The generic point of Nri (F) is 
mapped isomorphically onto the generic point of V/, hence we obtain a birational 
integral morphism Afri{Y) — ^ Y^', which must be an isomorphism by normality of 
Y{. □ 

Now, let us prove (iv). If fa is smooth (resp. etale) then by Lemma 2.2.9(iv) 
so is its Tj-normalized base change /. Conversely, assume that / is smooth (resp. 
etale). Since X = projlimXc, / is the base change of a smooth (resp. etale) 
morphism '■ Ya — >■ Xa for some a. Then Y^Ya Xx„ -''^ is the ry-normalization 
of Ya X s„ S, hence / is the ?7-normalized base change of /„. Thus, fa and are 
two morphisms of ry-normalizcd S'^-schcmcs whose ?7-normalized base changes to S 
are isomorphic. By part (ii) of the Proposition, they become isomorphic already 
over some S^, hence is isomorphic to the 77- normalized base change of for 
each /3 larger than some /3o. But is smooth (resp. etale) by Lemma 2.2.9(iv), 
hence is smooth (resp. etale) for each /? > /3o- D 

2.3. Birational fibers. First we recall some definitions and results from [Tcm3, 
§3.2]. For any field K by Pk we denote the Riemann-Zariski space of K. Its points 
are valuation rings ot K. If X and Y are two subsets in K and 5 is a subset 
of then by Sl-^^lll^^}} we denote the subset of 3 which consists of elements 
O e 3 such that X C O and Y C mo- In other words, 3{-'f}{{i^}} is cut off 
from 3 by the inequalities |X| < 1 and |F| < 1. The Zariski topology on is 
defined by non-strict inequalities, and the constructiblc topology is defined by the 
inequalities of both types, i.e. the basis of the usual topology is formed by the sets 
Pif {/i, • • • , fn}, and the basis of the constructible topology is formed by the sets 
Pifl/i; • ■ • ! ,fn}{{,9ii ■ ■ ■ ^ ,9m}}. Zariski topology is the default one, so each time we 
will use the constructible topology it will be said explicitly. It is well known that 
the sets Pi<-{X}{{y}} are compact in the constructible topology (for example, one 
can use the arguments from [Tcm3, 3.2.1] or [CTl, 5.3.6]), hence they are quasi- 
compact in the weaker Zariski topology. A valuation ring O € Pk generalizes 
O' gPk (in Zariski topology) if and only if O' C O. 

To any integral scheme X provided with a dominant morphism rj : Spcc{K) X 
one can associate a Riemann-Zariski space X = TCZk{X) which is defined as the 
projective limit of the underlying topological spaces of the /^'-modifications of X 
(actually, the definition makes sense for any scheme X with a point rj). There is a 
natural projection X — )■ Pk which is a topological embedding when X is separated. 
Thus, for a separated X we can identify KZk{X) with the subset of P^ consisting 
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of the valuation rings centered on X . For any point x ^ X hy the birational fiber 
X^" over X we mean the preimage of x under the projection X X, and we 
identify X^" with a subset of Pk- So, X^" is the set of valuations centered on x, 
i.e. X^" = PK{Ox,x}{{''nx}}- If O is an integral local ring with field of fractions 
K and L/K is any extension of fields then by the birational fiber of O in L we 
mean the set PL{C'}{{mc>}} (it is the preimage of the birational fiber of the closed 
point of Spec(O) under the natural map Pl — > Pk)- Now we prove few results 
which are not covered by [Tem3] but will be useful in the sequel. 

Lemma 2.3.1. Let A and A' be two integral normal local rings with field of fractions 
K and birational fibers X and X' . Then X' C X if and only if A C A' and A' 
dominates A (i.e. niA' d A = tua)- 

Proof. The inverse implication is obvious, so assume that X' C X. Let Y = P/f {^} 
and Y' = P/<-{^'} be the sets of all valuation rings of K containing A and A', 
respectively. Note that the inclusion A C A' holds if and only ifY' CY because an 
integral normal ring coincides with the intersection of all valuation rings containing 
it by [Bou], Ch.6, §1, Th.3. Lot O G F' be a valuation ring. By Zorn's lemma it 
contains a maximal net of local subrings that dominate A'. The union of these local 
rings is a valuation ring R from X' which is contained in O. Then R € X' C X 
and therefore R dominates A. In particular, A C R C O and hence O E Y. This 
proves that Y' C Y, and so A C A' . Also, any ring R as above dominates both A 
and A', hence A' dominates A. □ 

Theorem 2.3.2. Let A be an integral local ring with K = Prac(j4) and X = 
Spec(A), and let x G X be the closed point. Then the following conditions are 
equivalent: 

(i) the birational fiber X^'^^ c Pk is connected, 

(a) for any modification X' ^ X the preimage of x is connected, 

(Hi) A is unibranch. 

Proof. First we note that if A is not unibranch then both (i) and (ii) obviously fail. 
Hence (iii) follows from either of the first two conditions. Until the end of the proof 
we will therefore assume that A is unibranch, and our aim is to deduce both (i) 
and (ii). First we prove equivalence of (i) and (ii) under this assumption. For each 
modification X' ^ X let X'^ denote the fiber over x. Recall that Px {A} can be 
naturally identified with the projective limit of all modifications of X, so Z := X^" 
is the preimage of under the continuous projection P/fjA} — >■ X'. In particular, 
if Z is connected then each X'^ is so. Conversely, assume that Z is disconnected, 
say, Z ^ UUV ior open U and V. Both U and V arc unions of open constructible 
subsets of Z of the form Z{fi, . . . , and using quasi-compactness of Z we obtain 
that both unions can be chosen finite. So, U and V are constructible in Z, i.e. can 
be described as subsets of Z using finitely many elements gi^ • • ■ ^ ,9m 

e K. Find a 

modification X' — )■ X such that each gj induces a morphism gj : X' — > P^, then 
U and V are the full preimages of open constructible subsets U',V' C X'^ given by 
the same formulas involving g^'s. In particular, X'^ = U' UV is disconnected. 

By the definition of unibranch local rings, the normalization A' of A is a local 
ring, hence the birational fibers of A and A' coincide. So, it suffices to prove (i) 
for normal local rings, and since (i) and (ii) are equivalent, we will in the sequel 
assume that A is normal. Note that (ii) is then the Zariski connectedness theorem 
for normal schemes. The theorem is classical for noetherian rings, see [EGA, IIIi, 
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4.3.1], but it was not extended to the noii-iioetherian case in [EGA, IV3, §8], unlike 
Zariski main theorem. (The obstruction to applying the technique of loc.cit. is that 
a modification f : X' ^ X has not to be of finite presentation, so it does not have 
to be induced from a morphism of noetherian schemes.) Thus, our starting point 
is that (ii) and, therefore, (i) hold when A is normal noetherian, and our strategy 
will be to deduce that (i) holds for any normal A. 

Assume, conversely, that A is such that Z is disconnected. We proved earlier 
that Z = UUV = (U[LiZ{/i}) U {Ujlj^Zigj}) with non-empty U and V and finite 
subsets ,fi,gj of K (in particular, each set Z{fi,gj} is empty). Find a filtered 
family of noetherian normal local rings {Ai}i^i such that Ai d A, A dominates 
Ai, Ki := Frac(j4i) contains the sets /; and gj and Ui^jAi ~ A. Note that Z — 
(li^jZi where Zi c Pk is the birational fiber of A^ in K, and {Zi}i^j is a filtered 
family of quasi-compact sets. Hence there exists i such that the sets Zi{fi} and 
Zi{gj} cover Zi, and Zi{fi,gj} = for any 1 < I < n and I < j < m (the 
second is obvious since r\i^iZi{fi,gj} = Z{fi,gj} — 0, and to prove the first 
we note that the open set (U[L^Px{./i}) U (U™^;^Px{5j}) contains Z, which is 
compact in the constructible topology, and hence contains already some Zi). Then 
Zi = (U[Lj^Zi{/;}) U {WJLiZilgj}), and since /;'s and gj's are in Ki, the same 
representation is valid already for the birational fiber Z'^ C of Ai. In particular, 
Zl = U' UV with open U' and V , that must be non-empty because U and V are 
contained in their preimages in Zi. The latter implies that Z[ is disconnected, and 
we obtain a contradiction to the already established noetherian case. This finishes 
the proof. □ 

Corollary 2.3.3. Let A he an integral geometrically unibranch local ring and L be 

an extension o/Frac(A) of a finite degree n. Then MrL{A) is a semi-local ring with 
at most n maximal ideals and the birational fiber of A in L is the disjoint union 
of the connected components which are the birational fibers of the closed points of 
AArL(Spec(A)). 

Proof By [EGA, IV4, 18.10.16(i)] any finite L-modification X ^ Y := Spec(A) 
has at most n closed points. Since AfrL{Y) is the projective limit of finite L- 
modifications of Y, it has at most n closed points too. In particular, AfrL{A) is 
semi-local with at most n maximal ideals, and it is clear that the birational fiber 
of A is the disjoint union of the birational fibers of the closed points of NrLiY) 
which are connected by Theorem 2.3.2. □ 

2.4. Birational criterion of etaleness. We will prove a criterion for a morphism 
f -.Y ^ X between normal integral schemes to be etale. Similar results are proved 

in the thesis of D. Rydh, where he studied, in particular, families of zero cycles 
(some of these results are available at [Rydh]). The classical criterion [EGA, IV4, 
18.10.16(ii)] does not cover our needs because it gives a criterion for / to be finite 
etale, and so it is not local on Y . However, our criterion and its proof follow the 
proof of [EGA, IV4, 18.10.16] very closely. Recall that in loc.cit., to each point yi 
that is isolated in the fiber over a point x G X one associates the separable degree 
rii of k{yi) over k{x), and / is finite and etale locally over x if and only if the sum 
of all UiS equals to n = [k{Y) : k{X)]. If we want to work locally with j/j's then 
one has to refine the numbers so that the multiplicity of ramification is taken 
into account. 
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Definition 2.4.1. Assume that f -.Y ^ X is a. dominant morphism of normalized 
finite type between integral schemes and assume that X is unibranch at a point x 
and 1/ e y is isolated in the fiber f~^{x). Then by the henselian degree Uy/^ of 

Y over X locally at y we mean the minimal possible value of ^^i[k{Y^) : k{X')], 
where g : X' X is a morphism with an integral source and such that g~^{x) = 
{x'} and g is strictly etale at x', and Y{, . . . , Y^ are the irreducible components of 

Y Xx X' containing the preimage of y. 

The following properties of henselian degrees are obvious. 

Remark 2.4.2. (i) Instead of using strictly etale base changes one can use the 
henselization X^ = Spec(0^ ^) of X at x. If F/*, . . . , Yj^ are the irreducible com- 
ponents of = Yxx containing the preimage of y then Uyj^ = Yl^A^O'^i') '■ 
k{X^)\ (recall that X^ is integral by [EGA, IV4, 18.6.12]). 

(ii) If Y is unibranch at y then Y^ is unibranch at the preimage of y, hence 
m = 1. 

(iii) If g : y ^ y is an integral morphism with k{Yy^k{Y') then Uy/x = 
J2y'eg-^{v) '"'v' /a-- particular, the fibers of g contain at most [k{Y) : k{X)] points. 

Theorem 2.4.3. Let f -.Y X be a dominant morphism of normalized finite type 
between integral schemes, and assume that X is unibranch at x. Let yi, . . . , ym be 
all isolated points of the fiber over x, Ui = ny./^ and n = [k{Y) : k{X)], then 

(i) X]i=i ni <n and the equality holds if and only if f is integral locally over x; 

(ii) if X is normal at x then f is etale at yi if and only if Ui equals to the 
separable degree of k{yi) over k{x); 

(iii) if X is normal at x then f is strictly etale at yi if and only if Ui = 1. 

Proof. Choose an integral Yo of finite type over X and such that Y is its partial 
normalization. Then Y is the projective limit of finite modifications of lo by Lemma 
2.2.2, hence there exists a finite modification Y' Yq with points y'l, . . . ,y'j^ E Y' 
which are discrete in the fiber over x and are the images of yi, . . . ,ym- We claim 
that it suffices to prove the Theorem for Y' and y'^'s instead of Y and j/i's. Indeed, 
iT'y'/x = "j/i/x by Remark 2.4.2(iii) and if /' : Y' ^ X is etale at y'^ and X is normal 
at X then Y' is normal at y[ and therefore the partial normalization Y ^ Y' is an 
isomorphism over y'^. Thus we can replace Y with Y' achieving that / is of finite 
type. In particular, / is integral over x if and only if it is finite over x. 

To prove (i) we consider the henselization X'' = Spec{Ox x) with the closed 
point a;'* and the base change f^ : Y^ ^ X^ of /, and note that f^ is finite if 
and only if / is finite locally over x. Furthermore, by [EGA, IV4, 18.5.11(c)] any 
irreducible component of Y'^ contains at most one isolated point in the fiber Yj} 
over x'^, hence X^n^ < n and the equality takes place if and only if any irreducible 
component of contains an isolated point from Yj^. So, it suffices to prove that 
f'^ is finite if and only if any irreducible component of F'* contains an isolated point 
from Yjj}, but the latter is an immediate consequence of [EGA, IV4, 18.5.11(c)]. 

Regarding (iii) we note that the direct implication is obvious and to prove the 
converse one we choose the connected component 1^'' of F'' which contains the 
preimage of y^. Then the projection f-^ : Y/^ — )• X^ is a finite modification (since 
Ui = 1) with normal image, hence it is an isomorphism. By descent of etaleness 
we obtain that the map F — >■ X is strictly etale at yi. Finally, (ii) is proved in the 
same way but using the strict henselization X^^ = Spec(0^^) instead of X^. □ 



16 



MICHAEL TEMKIN 



Parts (ii) and (iii) of the Theorem provide a local criterion of etaleness, but may 
look rather tautological because a direct computation of the degrees Uyj^ involves 
etale localization, so at first glance we say that a morphism is etale if it so etale- 
locally. However, the situation is more subtle since one can gain some control on 
the degrees by other methods, and part (i) of the Theorem gives such an example. 
We will see that one can test the degree by restricting the computation to a single 
valuation ring. 

Lemma 2.4.4. Let f : Y ^ X and g : X' ^ X he dominant morphisms between 
integral schemes, and assume that f is of normalized finite type and g induces an 
isomorphism of the generic points. Let x' & X' be a point such that X' and X are 
unibranch at x' and x = g{x'), respectively. IfyGYisan isolated point of the fiber 
over x, and y[,. . . ,y!^ are all points of Y' = J^fr^y) {Y Xx X') sitting over y and 
X , then Hy I X — 1 ^y' j x' • 

Proof. Note that if y is the only preimage of x and / is integral locally over x then 
Y' — > X' is integral locally over x' and the Lemma follows from Theorem 2.4.3(i) 
because Uyj^ = [k{Y) : k{X)] = [k{Y') : k{X')] = '^j/'/cc'- Wc will reduce the 
general case to the above one by performing an etale base change X ^ X. 

Since the morphism Y' Y factors through Afr{Y), it follows from Remark 
2.4.2(iii) that it suffices to prove the Lemma for J\fr{Y) and all preimages of y 
instead of y and y. Thus, we can assume that Y is normal. Find an etale morphism 
h : X ^ X with an integral source and such that h~^{x) — {x}, h is strictly etale 
at X, and the following condition holds: (*) for the connected component Y of 
Y Xx X containing the preimage y oi y the projection Y ^ X is finite over x (use 
that (*) holds for X = X^ and take X to be a sufficiently large finitely presented 
approximation of X^). Note that Y is irreducible by Remark 2.4.2(ii), hence it is 
integral and Uy/^ — n-yj^ = [k{Y) : k{X)]. Set X = X Xx X' and let x' be the 
preimage of x' , then it suffices to prove the Lemma for the morphisms Y ^ X 
and X ^ X with points x,x' and y instead of the original data because the 
projections X ^ X, X X' and Y ^ Y are strictly etale at x,x' and y, and 
hence Y = Mrj^f-y-^iY x^X ) is strictly etale over Y' at the preimage y[ of y^, and 
the matching hcnsclian degrees arc equal: Uyi jj. = n-ji j^. It remains to recall that 

as we noted in the beginning of the proof, the case of Y , X and X follows from 
Theorem 2.4.3(i). □ 

The Lemma implies that Theorem 2.4.3(iii) admits the following refinement 
where the degrees do not appear. 

Theorem 2.4.5. Let f :Y X be a dominant morphism of normalized finite type 
between integral schemes, and assume that X is normal at x and y is an isolated 
point of the fiber over x. Then f is strictly etale at y if and only if there exists a 
valuation ring O of k{X) centered on x and such that O admits a unique extension 
to a valuation ring O' of k{Y) centered on y, and this O' is strictly local-etale over 
O. 

Proof. By Theorem 2.4.3(iii), / is strictly etale at y if and only if Uy/^ = 1. To 
compute Uy/x we apply Lemma 2.4.4 with X' = Spcc(C') obtaining that nj,/^. = 
Y^iLi'^T'v'/x' where y{,...,y!^ are the preimages of the closed point x' G X' in 
Y' = Mrk{Y){y X'). Note that Y' = Spec(S), where B is the normalization 
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of the subalgebra OOy.y C k{Y) generated by Oy.y and O. Since y is discrete 
in the fiber it follows that k{Y)/k{X) is finite and therefore C = Afrk(Y){(^) is a 
semi-local ring whose localizations are the valuation rings of k{Y) that contain O 
(in particular, C is Priifer). Any C-subring of k{Y) is a localization of C (maybe 
infinite), hence COY,y is normal and we have that B = COY,y is localization of C. 
The local rings of the preimages of x' in Spec(C) are exactly the valuation rings of 
k{Y) that extend O, and hence any preimage y' gY' c Spec(C) of x corresponds 
to a valuation ring R = Oy^yi of k{Y) that extends O and contains Oy^y. Note 
that such R is either centered on y or on its strict generalization, but the latter is 
impossible by discreteness of y in the fiber over x. Thus, Uy/^ = 1 if and only if 
there exists a unique extension O' of O centered on y (i.e. m = 1) and for y' = y[ 
we have that nyi/^' = 1- The latter implies that O' embeds into O'^ and so O' is 
strictly local-etale (note that by [Tem3, 2.1.6,2.1.7], O'/O is strictly etale when the 
height of O is finite, but this does not have to be true in general). □ 

Remark 2.4.6. Keep the assumptions of Theorem 2.4.5. 

(i) li f : Y ^ X is strictly ctalc at y G F then / induces a "strictly ctalc" 
morphism fy" : Yy" X^" of birational fibers in the sense that fy" is bijective 
and for any O € X}^" its preimage O' G Yy" is strictly local-etale over it. It would 
be natural to simply expect that the converse is true but we established above a 
much stronger result stating that if y is discrete in the fiber then it suffices to check 
a single (!) element of the birational fiber. The reason for this is that if y is discrete 
in f^^{x) and X^" is connected (i.e. X is unibranch at x) then for any O € X^" 
and its preimages Oi G Yy" the sum of the Henselian degrees no./o is constant 
(i.e. does not depend on the choice of O). 

(ii) If y is not assumed to be discrete in the fiber then the following weaker 
criterion holds: if there exists a subset T of X^" dense in the constructible topology 
and such that the henselian degree over each £> e F is one, then / is strictly local- 
etale at y. We do not prove this since Theorem 2.4.5 covers our needs. 

2.5. Analytic generic fiber. Until the end of §2.6 we assume that fc is a valued 
field of height one with a non-zero element tt G k°° and the completion fc. We set 
also T] = Spec(fc) ^ S = Spec(fc°), s = Spec(fc) = 5 \ r; and 6 = Spf(A;°). For any 
5-scheme X its generic fiber is defined as X^, = X Xsi], and by the closed fiber Xg 
we mean the preimage of s with the reduced scheme structure. Caution: Xs is not 
the schematic fiber over s (but its reduction). The (7r)-adic formal completion of 
X will be denoted 3C; it is a formal ©-scheme with the closed fiber Xs-^Xs- If X 
is of finite type/presentation over S then X is so over &. 

In this section and in §3 we will work with fc-analytic spaces introduced by 
Berkovich. Almost all our results hold for general analytic spaces as introduced in 
[Ber2], but to make reading of the paper simpler we will mainly work with good 
analytic spaces introduced in [Berl] (these are analytic spaces in which each point 
possesses an affinoid neighborhood). Moreover, if it is not said to the contrary 
it will be automatically assumed that the spaces arc good and strictly analytic, 
in particular, they correspond to rigid analytic spaces. We will make a heavy 
use of non-rigid points however. Sometimes, we will remark that our results hold 
more generally without goodness and/or strict analyticity assumption, but (up to 
one explicitly mentioned exception) these notes will not be used later and can be 
ignored by the reader. 
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Let us recall some terminology. For a /c-analytic space Y with a point y by 
y we denote the local ring of y at y (it is defined because Y is good), by K{y) 
wc denote the residue field Frac(C'y,y/m,^) and by Hiy) we denote the completed 

residue field K{y). For any formal scheme X of finite presentation over &, Berkovich 
defined in [Ber3, §1] its generic fiber as a compact (not necessarily good) strictly 
/c-analytic space (note that 77 is only a formal part of notation here). In particular, 
a X = Spf(A) is afl&ne then = M{A) is affinoid with A = A^^A k. Also, 
Berkovich defined an anti-continuous reduction map ttx ■ ^ Xs in the sense that 
the preimages of open sets are closed and vice versa (recall that affinoid domains 
are closed in analytic geometry). In particular, to any X of finite presentation over 
S we can functorially associate its analytic generic fiber with the reduction map 
TTx ■ Xr, ^ Xs^Xs (complete X and take the generic fiber of X = X). Moreover, 
this construction works for any X of finite type because A = A^^ — (A/I),^, where 
/ is the TT- torsion, but A/ 1 is of topologically finite presentation over k° by [BL2, 
1.1(c)], hence >l is a fc-affinoid algebra. 

Remark 2.5.1. (i) One can give a more explicit description of the analytic generic 
fiber as follows. If ^ is a finitely presented A:°-algcbra then A is of the form 
k°[Ti^ . . , T„]/(/i, . . . , /„), hence we have that A = k°{Ti, T„J/(/i, . . . , /„,) 
and Att = fc{Ti, . . . , Tto}/(/i, ■ . ■ , /m)- In particular, for X — Spec(^) the an- 
alytic generic fiber X,, = A4(^7r) is an affinoid (perhaps empty) domain given 
by the conditions \Ti\ < 1 in the analytification of the fc-scheme ®k k = 
Spec(A;[ri, .... Tm]/{fi, .... /„)). We refer the reader to [Bcrl, §3.4] for the def- 
inition of this analytification (X^ (g)fe fc)'^" = M{k\Ti, . . . , Tm]/{fi, . . . , /„)). 

(ii) The above description allows to describe the kernel I = n^^Tr^A of the 
completion homomorphism A ^ A when A is reduced and A;°-flat. Wc claim that 
I consists of the functions vanishing on all irreducible components of X = Spec (A) 
with non-empty closed fiber, so X' = Spec(A//) is obtained by removing from X 
all irreducible components with empty closed fiber. The claim easily reduces to the 
following: if A is integral and fc°-fiat and X^ is not empty then / = 0. Note that 
Xrj is not empty because X is A;°-flat and non-empty. Since A = A/ 1, we obtain 
that Xjj is a non-empty affinoid domain in the analytifications of both X^ (8)fe fc and 

®fe k. Hence the latter are of equal dimensions, and it follows that 7 = 0. 

In the sequel, we will mainly be interested in the case of an ry-normal X. Since 
Ty-normalization can take us outside of the category of S'-schemes of finite type, 
we have to extend the construction of analytic generic fiber to 5-schemes of t]- 
normalized finite type. 

Remark 2.5.2. (i) Any S'-schcmc X of 77- normalized finite type is flat over S 
because any partial ?7-normalization kills 7r-torsion. Therefore, X is a partial rj- 
normalization of a flat ^-scheme X of finite type. But X is automatically of finite 
presentation over S by [KG, 3.4.7], hence X is always 5-flat and of ?7-normalized 
finite presentation. 

(ii) Any reduced flat S-scheme X of normalized finite type is of ?7-normalized 

finite type. (This is a particular case of Remark 2.2.5(iii).) Indeed, X is a partial 
normalization of a reduced flat scheme X of finite type over S, hence X is the pro- 
jective limit of finite modifications X^ of X. But X^ is of finite type over k, hence 
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already some Xa,rj is isomorphic to X^, and then X is a partial 77-normalization of 

Xct- 

Recall that for a fc-afSnoid algebra A, it is standard to denote the subring of 
power-bounded elements of A, the ideal of power-nilpotent elements and the reduc- 
tion as A°, A°° and ^= ^°/^°°, respectively. 

Lemma 2.5.3. Assume that A is a flat k° -algebra of finite type such that A®k° k is 
reduced (for example, this automatically happens when A^^ is geometrically reduced 
over k ), and let A' he the integral closure of the image of A in A^ . Then A'^A° 
for the k-affinoid algebra A = At^. 

Proof. Note that the kernel / = n^]^7r"A of the completion homomorphism A ^ A 
is also an ideal in A^r, and hence an ideal in A'. Since Spec(^/7) is obtained from 
X = Spcc(v4) by removing all irreducible components with empty closed fiber, one 
easily sees that A' /I is the integral closure of A/I in {A/I),^ = Ajr/I- Also, A/I is 
fc°-flat because it has no 7r-torsion. In particular. A/ 1 satisfies the assumption of 

the Lemma, and since A^A/I and A'^A'/I, it suffices to prove the Lemma for 
A/I instead of A. Thus, we can assume that A ^ A. 

Choose any surjective homomorphism A;°{Ti, . . . , T„} — >■ A; then inverting tt 
we obtain a surjective homomorphism of afEnoid algebras (p : k{Ti, . . . ,T„} — >■ A. 
Note that A is reduced because A4 (A) is an affinoid domain in the analytification of 
the reduced fc-scheme Spec(A(g);jo k), and analytification preserves reducedness by a 
GAGA-type theorem [Berl, 3.4.3]. Since A is reduced, [BGR, 6.2.4/1] asserts that (/) 
induces a norm on A which is equivalent to the spectral norm. So, (j){k°{Ti, . . . , T,, }) 
contains an ideal u)A° for a non-zero element w € fc°, in particular, u)A° A. 
Since A ^ A, we have the inclusion A' ^ A^^ ^ (yl)i^. = A. One easily sees 
that A° is integrally closed in A, hence A' ^ A° and wc obtain the embedding 
ljA' ^ ujA° ^ A. It follows that to A' ^ A because An A^ = A in A (the latter 
is obvious since A is the (w)-adic completion of A). Since uiA' is an open ideal in 
A', we obtain that A is an open subring of A', and then A is an open subring of A' 
containing open ideals ojA' C ojA°. Note that A' has no w-torsion because A' has 
no w-torsion, and hence the embedding A' A° factors through the embedding 
i:A'^ A°. 

We have to establish the surjectivity of i. Notice that for any we k°,we have that 
wA'nA' = ojA'. Assume, now, that A' C A°. Then there exist elements a G A' and 
ui G k° such that a/oj does not belong to A' but is integral over it, in particular, we 
can find m G N and bj G A' such that x = a'^+bia"'-^oj+- ■ ■+bm-iaw"'-'^ G w"!'. 
The inclusion survives when we move a and 6j's slightly, hence we can achieve n 
addition that a and bj's are in A', but a/oj ^ A'. Then x € uj'^A'nA' = and 
so a/w e A'i_^ is integral over A'. But the latter contradicts our assumption that A' 
is integrally closed. □ 

Corollary 2.5.4. If X = Spec(A) is an affine flat S-scheme of finite type and with 
reduced (Sif. k, and X' = Spec(^') is a partial r] -normalization of X, then A' is 
an open A-subring of A°, where A = A^^. In particular, A!.j^A is k-affinoid. 
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Proof. Let A" be the integral closure of A in A^. We proved above that coA" C A 
for a non-zero lo G k°, hence A contains an open ideal ivA' and therefore A c A' c 
A" = A°. □ 

Using the Lemma we can extend the construction of analytic generic fibers and 
reduction maps to affine S'-schemes X of yy-normalized finite type and such that 
Xrj (g)/j k is reduced (for example, is geometrically reduced): to each such scheme 
X = Spec{A) we associate the afHnoid space = A^(^,r)- We define the reduction 
map TTx ■ ^ as follows: let X = Spec (A), = Ai{A) and x € be a point, 

then the character ^{{x) induces a character A^ A^ A° H{x)° H{x), 
which defines a point on Xg. If X' denotes the 77- normalization of X then -jtx is the 
composition of the reduction map X'^, which is surjective and anti-continuous 

by [Berl, 2.4.1], and the projection X'^^X'^ Xs- Hence, ttx is surjective and 
anti-continuous. 

Lemma 2.5.5. Let X be an affine S-scheme of r] -normalized finite type and with 
reduced Xr, k, and let X' be any partial r] -normalization of X, then 

(i) the morphism X^ Xq of analytic generic fibers is an isomorphism, 

(ii) the closed fiber Xg is of finite type over k, 

(Hi) there exists an affine reduced flat S-scheme X of finite presentation such 
that X is a partial rj -normalization of X and, the projection X ^ X induces an 
isomorphism Xg — > Xg on the closed fibers. In particular, X ^ X is bijective. 

Proof. Let X" be the 77-normalization of X. By Corollary 2.5.4, X,, and X^ are 
isomorphic to X'^, so we obtain (i). Furthermore, X" = Spec(^), hence it is of 

finite type over k by [BGR, 6.3.5/3]. Choose any affine reduced fiat 5-scheme X of 
finite presentation such that X is a partial yy-normalization of X (we use Remark 
2.5.2(ii)). Then the morphisms X" — ^ X — ^ X induce surjective integral morphisms 
on closed fibers X" Xg ^ Xg. Since Xg is reduced and X" is of finite type over 
k, Xg is of finite type over k. It proves (ii), and it is clear now that replacing 
X with its sufiiciently large finite r?-modification dominated by X we achieve that 
Xg^Xg. □ 

In the sequel, we will use only the second part of the following Remark. Actually, 
the latter will only be used in the proof of Lemma 2.6.2. 

Remark 2.5.6. (i) The definitions of the analytic generic fiber Xrj = A^(A^) and 
the reduction map ttx ■ Xr, ^ Xg make sense for any aflane S'-scheme X of finite 
type or of 77-normalizcd finite type. However, ii X = Xn ®k k is not reduced then 
Xr, can be an affinoid domain in a closed subspace of obtained by killing some 
nilpotent functions (certain nilpotent elements of Ai = A®k° k° can be infinitely tt- 
divisible and then they are killed by passing to the separated completion Ai = A). 
Also, if X is not S'-fiat (in the finite type case) then nx can be not surjective. 

(ii) The above constructions commute with localizations, hence to any 5-scheme 
X of finite type or of 77-normalized finite type one can functorially associate a strictly 
analytic generic fiber Xr, with an anti-continuous reduction map nx : Xr, ^ Xg. 
However, Xr, is not good already when X = A| \ S (the relative with punched 
origin). 
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Lemma 2.5.7. Let X be an affine scheme of rj -normalized finite type over S such 
that its generic fiber is geometrically reduced, and let l/k be a finite extension of 
valued fields with Si = Spec(P). Then Xi,ri '■= (8"^ I is the analytic generic fiber 
of Xi := X X s Si (considered either as an Si-scheme or S-scheme). In particular, if 
Xi^ri is normal and integral with a generic point Spec(i) then the analytic generic 
fiber of J\frL{Xi) is isomorphic to 3in ^%l- 

Note that the affineness assumption can be removed due to Remark 2.5.6(ii). 

Proof Assume that X = Spcc(^), so that Xi = Spcc(A;) for Ai = A (g)feo 1°. 
The analytic generic fiber of Xi is defined as M{{Ai)jr) where tt G k°° \ {0} and 
the completion is (7r)-adic. In particular, it is not important for the construc- 
tion of Xi^rj whether we view Xi as an S';-scheme or S'-scheme. Now wc use that 
Af^A(E)k° l°--^A(E)-^„l° , hence {Ai)-^^A-^(E)-^l^A-^ (E)^. I, and applying the fimctor 
Ai we obtain that (g)^ I. The last claim follows from Lemma 2.5.3 because 

J\frL{Xi) = Spec(A;) where A[ is the integral closure of Ai in (^4;)^, and hence 
J\frL{Xi) and Xi have isomorphic analytic generic fibers. □ 

We conclude this section with one more definition. For any point x G Xg, by the 
analytic fiber over x we mean the preimage X™ = ■k^{x). If x is closed then X^^ 
is open, so we regard it as an open analytic subspace. (We do not need this, but 
one can show that in general X™ can be provided with a structure of an analytic 
A;-space, i.e. an analytic space over a larger analytic field K, though the choice of 
K is not canonical.) 

2.6. Analytic criterion of etaleness. Throughout this section k, S and & are 

as in §2.5. Our main result is the following Theorem. Probably, the Theorem holds 
more generally for any reduced Y and reduced 77- normal X, but we cannot attack 
this case with our methods (due to assumptions in Theorem 2.4.5). 

Theorem 2.6.1. Let f : Y ^ X be a morphism of integral affine flat S-schemes 

of ri-norm,alized finite type such that YJ, ®k k and (Eifc k are reduced. Let also 
y ^Ys be a closed point with x = f{y) and Yy^, X^'^ be the corresponding analytic 
fibers. Assume, finally, that X is normal at x. Then f is strictly etale at y if and 
only if the natural map Y^^ X^^ is an isomorphism. 

Proof. The direct implication is easier to prove and it holds even without the nor- 
mality assumption on X. Assume that / is strictly etale at y. Shrinking X and Y 
we can assume that they are aflane, and / is of finite presentation. By Lemma 2.5.5 
there exists a finitely presented S'-scheme X' such that X is the ry-normalization 
of X' and the normalization A — >■ A' is bijective. Then A is isomorphic to the 
projective limit of finite rj-modifications Xq, of X' by Lemma 2.2.2, and the pro- 
jections A ^ A„ are bijective. By [EGA, IV3, 8.8.2] and [EGA, IV4, 17.7.8], / 
is the base change of an etale morphism fa '■ Ya ^ A^,. Since A™^A™^ and 
y^"^y^^ by Lemma 2.5.5(i), it suffices to prove the claim for /„. So, we can as- 
sume that A is of finite S'-presentation. Since / is etale at y, so are the morphisms 
/rx = / Xs Spec(fc°/(7r"')). Hence the (7r)-adic completion f : 2) — >• X is etale at y 
(see [Ber4, §1] for the definition of etale morphisms of formal schemes). Then it 
follows from [Ber4, 4.4] that Fj^^^^A™. 

Assume, now, that yj'^^A™. Then it follows from the dimension considerations 
that X and Y are of equal dimension and / is dominant, in particular, we obtain 
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a finite extension of fields k{Y)/k{X). We claim that the extension is separable, 
and to prove this let us assume to the contrary that k(Y)/k{X) is inseparable. 
Then the morphism Y ^ X factors through a finite morphism Y ^ Z such that 
Z is integral and k{Y)/k{Z) is inseparable of degree p. Let y ^ Z ^ X he the 
morphisms obtained from y — )• Z — )• X by applying ■ ®k k. Then Z is reduced 
because y is reduced by the assumption of the Theorem. Since 3^ ^ Z is finite 
and generically inseparable of degree p, it follows that for any point z G Z^" with 
TUz = the fiber over z in y^^ is of the form A^(C) where C is a ramified local Artin 
'H(z)-algebra of dimension p. In particular, the morphism (/) : X^^ cannot 

be a local isomorphism at any point t G 3^**" with = because its A'^"-fiber 
is not geometrically reduced at t. This contradicts the assumption that the map 
y^" — >■ X^^, which is the restriction of (p on open subspaces, is an isomorphism 
because the points with trivial maximal ideal are dense in any reduced analytic 
space. So, the assumption that k{Y)/k{X) is inseparable was incorrect. 

We will need the following Lemma, where, as a matter of exception, we allow 
non-good spaces (in the proof, we will have to leave the framework of good spaces 
anyway) . 

Lemma 2.6.2. LetY he of rj -normalized finite type over S and with reduced Y^j^kk, 
and let y,z ^Yg he two points such that y is a closed specialization of z. Then the 
analytic fiber F/" is contained in the closure of the analytic fiber Yy^ . 

The assumption that y is closed is unnecessary but simplifies the proof. 

Proof. Set Z = Y\ {y}, then Z := 3r) is an analytic domain in y := 2)^ obtained 

by removing Yy'^. Choose any point 3 G i^J*"- The germ reductions 3^^ and Z^, as 
defined in [Teml, §2], are the birational spaces from the category bir^ corresponding 

to the pointed schemes Spec('H(3)) — >■ Y and Spec('H(3)) Z, where Y and Z 
are the Zariski closures of z in y and Z, respectively. Since the open immersion 
Z ^ Y is not an isomorphism, the embedding X^ — >■ y^ is not an isomorphism, and 
[Teml, 2.4] implies that the embedding of germ subdomain (2,3) — )■ (3^,3) is not 
an isomorphism. Thus, Z is not a neighborhood of 3 in 3^, and we obtain that 3 
belongs to the closure of 1^^". □ 

Lemma 2.6.3. If f : Y ^ X is a morphism of affine S-schem,es of rj-normMized 
finite type and with reduced X^i <Sik k and Y^i ®k k, y ^ Yg is a, closed point with 
X = f{y) and Yy"^ — > X^^ is an isomorphism, then y is discrete in the fiher over x. 

Our proof shows a more general result that y is discrete if FJ'" is a connected 
component of the fiber over X^^. 

Proof. Assume that y is not discrete in the fiber oppositely to the assertion of the 
Lemma. Then there exists a point 2; e 1^ which is a generalization of y and lies in 
the fiber of x. Since the reduction map 2),, — > Ys is surjective, there exists a point 
3 G 2)^ in the analytic fiber over z. By the construction, 3 ^ Y^^ but its image in 
3Lrf hes in Since : 2)^ — )• induces the isomorphism Y^^^Xf^ of open 
subspaces and X and Y are Hausdorff topological spaces, 3 is not contained in the 
closure of Yy'^. This contradicts Lemma 2.6.2, hence our assumption that y is not 
discrete in the fiber was wrong. □ 
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Now, we are prepared to prove that / is strictly ctale at y. Let X = Spee(A) 
and Y = Spoc(_B). We would like to use the etaleness criterion 2.4.5. Since we 
proved that y is discrete in its fiber over X, we have only to find a valuation 
ring O as in 2.4.5. Since X is integral and with non-empty Xg, the completion 
homomorphism ^ ^ ^ is injective by Remark 2.5.1(ii). Choose any point z with 
uiz = in the analytic fiber over x, then the embeddings A ^ A^^ ^ T~L{z) give 
rise to an embedding k{X) ^'H[z), and hence z induces a valuation of height one 
on k{X). Moreover, this valuation is centered on x because x = nxiz). Let O be 
the corresponding valuation ring of k{X), i.e. O = k{X) r)H{z)°, and consider any 
extension C of O to k{Y) which is centered on y. Note that O' induces a point 
z' e Yy'' with ^.{z'y = O' because the homomorphism B ^ O' factors through B 

(so, z' corresponds to the character Bj, O'^)- Obviously, z' lies over z, hence by 
our assumption on the analytic fibers, z' is uniquely determined and 'H{z')^'H{z) . 
In particular, O' = 'H{z')° n k{Y) is uniquely determined and the completions of 
k{X) and k{Y) along the valuations corresponding to O and C are isomorphic. 
We proved earlier that k{Y)lk{X) is separable, hence [Tem3, 2.5.1] implies that 
O' is local-etale over O. But the residue fields of O and O' are isomorphic to the 
residue field O^O' of the completions, hence O'/O is strictly local-etale and we 
are done. □ 

In the last part of the proof we used a connection between the birational and 
analytic fibers over x. Actually, one can say much more about this connection. In 

particular, there exists a natural continuous map tpx ■ X^" X^'^ as explained in 
the following Remark, of which we will later use only part (i) . 

Remetrk 2.6.4. (i) For an integral X = Spec(A) one constructs tpx as follows. 
Given a valuation ring O e X^" consider the prime ideals po = nj^Q7r"0 and 
p = VttO. Then R = Op/poOp is a valuation ring over k° of height one (we 
localized by elements x such that |a;|" > |7r| for any n and wc factored by elements 
X such that \x\ < |7r|" for any n). Since A C O in K, we get a homomorphism 
A ^ R. Taking the (7r)-adic completion and inverting tt we obtain a continuous 
homomorphism A — An — >■ K where K = Frac(i?). Clearly, the image of ^ is dense 
in K, so we get a point z with 'H{z)^K in the space 3Crj = M{A), and one easily 
sees that z lies over x. Note that if O is of height one then K^k{X) and hence 
■^(z) is a completion of k{X). 

(ii) For the sake of completeness, we remark that ijjx can also be constructed using 
the following three facts: (a) the Riemann-Zariski space of X is homeomorphic to 
the projective limit of blow ups of X, and hence admits a natural map to the 
projective limit of the blow ups of X along open ideals (in the (7r)-adic topology), 
which we denote as Y, (b) the adic analytic space is homeomorphic to the 
projective limit of all admissible formal blow ups of X, and hence it is homeomorphic 
to the closed fiber Yg C Y, (c) X™ is the maximal Hausdorff quotient of X'^. Since 
X^" is contained in Yg it follows that a natural map X^" X^'^ arises. (The facts 
(b) and (c) are not proved in the literature, though they are not difiicult and are 
mentioned in a letter of P. Deligne and in [FK].) 

2.7. Smooth-equivalence. 

Definition 2.7.1. Let 5 be a scheme and X,Y be two S'-schemes. We say that 
points X G X and y gY are smooth- equivalent over S if there exist an S'-scheme Z 
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with a point z e Z and smooth S'-morphisms Z — >■ X and Z which map z to 
X and y, respectively (alternatively, one could say that X and Y are smooth-locally 
S-isomorphic at x and y). 

For example, for a field k and a fc- variety X, a point a; € X is smooth-equivalent 
to Spec(fc) if and only if X is fc-smooth at x. We will use this notion to pass from 
a point .T G X to a smooth-equivalent point y on a variety Y of smaller dimension. 
If such y and Y exist then in some sense the essential dimension of the singularity 
at X is smaller than the dimension of X at x. 

Let I be an analytic field. In the sequel wc will need a notion of open (resp. 
closed) unit I -poly disc, by which we mean the subdomain in the analytic space 
A" = A4{l[ti, . . . ,tn]) given by \ti\ < 1 (resp. \ti\ < 1). In particular, X is 
isomorphic to a closed unit Z-polydisc if and only if it is of the form A4{l{ti, . . . , 

Theorem 2.7.2. Let l/k be a separable finite extension of valued fields of height 1 
with S = Spec{k°) = {ry,s} and S' = Spec(r) = {v',s'}, and let X = Spec(A) be 
a geometrically reduced, normal, affine S -scheme of r/ -normalized finite type with a 

closed point x G Xg . 

(i) If the analytic fiber X^^ is isomorphic to an open unit l-polydisc then x is 
smooth- equivalent to s' . 

(ii) If the analytic generic fiber is isomorphic to a closed unit l-polydisc then 

all points of Xg are smooth- equivalent to s' . 

Remark 2.7.3. The case when l/k is unramified is not so uninteresting since x is 
a smooth point in this case. As we remarked in the Introduction, our main case of 

interest is when l/k is ramified and the valuation is not discrete. Note that in this 
case 5" and, hence, X are not of finite type over S. On the other hand, normality 
at X is crucial for the argument (which uses Theorem 2.6.1), so we cannot work 
with finite type models. 

Proof. Let Y denote the 77- normalization oi X x s S' and let 2} be its formal com- 
pletion. By Lemmas 2.5.7 and 2.5.3, 2) is the maximal affine formal model of its 
generic fiber 2)r; and 2)^^X^ I. 

To prove (i) we let Y^^ denote the preimage of X^^ in 2),, and note that it 
contains a connected component which is projected isomorphically onto X^^. By 
[Bo, Satz 6.1] the analytic fibers of the closed points of 2) are connected (similarly 
to Theorem 2.3.2, this is another manifestation of Zariski connectedness theorem) 
and hence the analytic fibers of the preimages of x in SI) are exactly the connected 
components of Y^'^. In particular, there exists a point 1/ G 2}^ sitting over x and 
such that the natural projection Y^'^'^X^^'^ is an isomorphism. Since the projection 
y — > X is strictly etale at y by Theorem 2.6.1, it remains to show that the projection 
F ^ 6" is smooth at y. By [Bo, Satz 6.3] y is a smooth point of the Z-variety 2)s = 
Yg. Moreover, in the proof of loc.cit. it is shown that for any choice of ii, . . . , t„ G 
OY,y such that their images in Ok,,;/ form a regular sequence of parameters, we 
have that ti,...,tn are coordinates of the unit Z-polydisc Y^^". In particular, it 
follows that for the natural morphism f : Y ^ Z = Spec(Z°[ti, . . . ,t„]) that takes 
y to the origin z G Z the induced morphism Yy"^ — )■ Z^"^ is an isomorphism. By 
Theorem 2.6.1, / is strictly etale at y and hence the morphism y — )• 5' is smooth 
at y. 

The proof of (ii) is similar. First we find a component of 2) which is mapped 
isomorphically onto 3C (it corresponds to a component of 2)^ which is a closed unit 
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/-polydisc). Then the points of Xs are smooth-equivalent to the points of Ys by 
Theorem 2.6.1 and it remains to show that the projection Y ^ S' \s smooth. To 
prove the latter, we pick up coordinates ti, . . . ,tn on the polydisc 2)^, move them 
slightly until ti belong to the dense subalgebra Oy{Y) C 0<^^ (2)r;)— ^'"{ii, ■ • ■ , tn}, 
and apply Theorem 2.6.1 once again to show that the induced morphism Y — >■ 
Spec(r[<i, . . . , tn]) is strictly etale along Yg. □ 

In the following Lemma we prove that smooth-equivalence descends from r]- 
normalized filtered projective limits. 

Lemma 2.7.4. Keep the notation of Situation 2.2.7, and let x G X and y gY be 
points and Xa and ya be their images in X^ and Y^, respectively. Then x and y 
are smooth- equivalent over S if and only if there exists uq G A such that for each 
a> ao the points Xa and ya are smooth- equivalent over Set • 

Proof. The inverse implication follows from Lemma 2.2.9(iv), so let us prove the 
direct implication. Find z E Z and smooth morphisms f : Z ^ Y and g : Z ^ X 
as in definition 2.7.1. By Proposition 2.2.8, / and g come from smooth morphisms 
fa: Za ^ Ya and 9a '■ Za — y Xa for Sufficiently large cx, and it is obvious that Xa 
and ya are the images of the projection Za € Za of z. This concludes the proof. □ 

We finish the section with one more easy Lemma. 

Lemma 2.7.5. Let X ^ S and Y ^ S be dominant morphisms between integral 
schemes and x G X,y G Y be points which are smooth- equivalent over S. Assume 
that k'/k{S) is a finite purely inseparable extension and set X' = N'rk'k{x){X) 
and Y' = Mr/,.: i^.^y)(X) ■ Then the preimages x' G X' and y' G Y' of x and y are 

smooth-equivalent over S . 

Proof. Note that the composite extensions k'k{X) and k'k{Y) are well defined 
since k'/k{S) is purely inseparable. Choose smooth 5-morphisms f : Z ^ X and 
Z ^ Y such that x and y arc the images of a point z. and set Z' = Afrf^i^z)iZ)- 
The morphisms X' ^ X, Y' ^ Y and Z' ^ Z are bijective, hence we should only 
check that the induced morphisms f':Z'^ X' and Z' Y' are smooth. But the 
latter was proved in Lemma 2.2.9(ii). □ 

3. Relative one-dimensional inseparable local uniformization 

Throughout §3, fc is a valued field of height one and p = char(fc). We allow the 
case of p = for the sake of completeness, thoiigh most of our work is trivial in this 
case (then in the formulas one has to use the exponential characteristic p = 1, e.g. 
fcVp~ = k). The main result of §3 is Theorem 3.3.1 which establishes inseparable 
local uniformization of non-Abhyankar valuations on curves over valuation rings of 
height one. This result will be deduced by decompletion from its analytic analog 
3.2.6, which provides inseparable local uniformization of terminal points on analytic 
curves. 

3.1. Discs over perfect analytic fields. Throughout §§3.1-3.2, k is analytic. 
Consider the /c-analytic space A = with a fixed coordinate T. If k is alge- 
braically closed then the structure of A is described in [Berl, §1.4.4]. In particular, 
the points of A arc divided to four classes as follows. Type 1 points are the Zariski 
closed points; they are parameterized by the elements of k, and we say that they 
are of radius 0. Given an element a G k and a number r > 0, let E{a, r) denote 
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the closed disc of radius r with center at a. This disc has a unique maximal point 
which will be denoted by p{a,r). Type 2 and 3 points are the points of the form 
p{a, r) of rational (i.e. from y^\k^ \ — \k^\) or irrational radius r > 0. Any type 4 
point X is obtained as the intersection of a decreasing sequence Ei = E{ai,ri) of 
discs with no common Zariski closed points. The number r = lim, is called the 
radius of a;; it is positive by completeness of k. 

For a general analytic field k the space A is homeomorphic to the quotient 
Ap/Gal(fc*/fc). Zariski closed points come from fc"; such a point a e A is com- 
pletely determined by the monic generator fa{T) of its annihilator m,a C k[T]. By 
a closed disc E = Ek{a,r) of radius r = r{E) > and with center at a Zariski 
closed point a we mean the image of E-j^{a,r), where a is any root of fa{T). By 
type of a point a; e A we mean the type of any of its preimages in Aij. The type 1 

points are parameterized by fc°/Gal(A:*/fc); these are exactly the points x G A such 
that ^{{x) C k"-. A point x G A is of type 2 (resp. 3) if and only if i^-H(x)/fe = 1 
(resp. Efi(^rc)/k = !)• This happens if and only if x is the maximal point of a 
disc of rational (resp. irrational) radius. Finally, any type 4 point coincides with 
the intersection of all discs containing it, and x is of type 4 if and only if 'H{x) is 
essentially immediate over k. We define the radius r{x) of a point x as the infimum 
of the radii of discs containing x. Points of type 1 are exactly the points of zero 
radius. The following Remark will not be used in the sequel, so we state it without 
proof. 

Remark 3.1.1. Another definition of radius was given in [Ber2, 3.6]: for a Zariski 

closed point a with monic generator f{T) of nia and a disc E = A^{s^'^/(T)}, 
where d = deg(/), one defines rinv(-B) — s. The latter quantity is an interesting 
invariant of E. For example, rinv depends only on the algebra A = 0{E), the 
coordinate T £ A and the degree [{A/TA) : k]. Note for the sake of comparison 
that r = r{E) depends also on the embedding k ^ A. For example, r is not 
preserved when one deforms A; in ^ while rinv is preserved. However, it surprisingly 
turns out that oppositely to an incorrect remark in [Berl], rinv of a type 1 point 
can be positive. Moreover, a deformation of A; in ^ can change the type of a point 
(only not Zariski closed points of types 1 and 4 can change their type). 

Definition 3.1.2. Let X C A^ be a fc-disc (open or closed). By A-degree of X we 
mean the number mmx^x['^{x) ■ k], and X is called split if its degree is 1, i.e. X 
has a fc-point. We say that X is almost split if it is an intersection of split discs (so 

an open almost split disc is always split). 

In particular, a disc is isomorphic to a unit ^-disc if and only if it is ^-split and 
of integral radius r (i.e. r e |)- Note that almost split but not split discs exist 
if and only if there exists a E k" such that iidaek |a — ct\ is not achieved. In 
particular, such disc can exist only when k is not stable. If Ek{a,r) C A is a disc 
then its preimage in Al- equals to uf^^£'(a;, r), where ai, . . . , are the roots of 
the monic generator / = f{T) of ma and d — deg(/). In particular, the preimage is 
a disjoint union of few discs of radius r. It follows that a disc Ek{a, r) is isomorphic 
to an Z-split disc for / = fc(ai) if and only if r/ := mini<j<£j |ai — ai\ > r. As a 
consequence, we obtain the following version of Krasner's lemma. 

Lemma 3.1.3. Let f, ai, . . . , and rj he as above. 
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(i) Suppose that K is an analytic k-field and x E K is an element such that 
\f{x)\ < Rf for Rf = Tf ni=2 I'^i ~ Then the embedding k ^ K extends to an 
embedding I ^ K. In particular, if x & k'^ satisfies \x — ai\ < rf then ai € fc(x). 

(ii) A disc E = E].(a,r) is defined over a non-trivial extension k'/k if and only 
ifr< maxi<i<dQ;i - ai\. 

Proof. To prove (i) we consider the morphism M (K) — >■ A induced by x and note 

that its image is a point contained in a disc E{a,r) for some r < rf. Indeed, 
one easily sees that \f{p{a,rf))\ = Rf, hence a point y € A is in the open disc 
D{a,rf) with center at a and of radius r/ if and only if \ f{y)\ < Rf. This gives a 
homomorphism I ^ 0{E{a, r)) K and so I K . To prove (ii) wc note that the 
prcimage of E in Ai^ is not connected if and only if r < maxi<j<(j [ai — ajj. □ 

Corollary 3.1.4. Assum,e that char(fc) = p > 0. The Galois groups of k and of its 

completed perfection K = k^/p^ are canonically isomorphic. In particular, for any 
finite extension L/K the field I = Ldk^ satisfies [L : K] = [I : k] and L = IK. 

Proof. Note that L/K is separable because K is perfect. By Krasner's lemma, any 
finite extension L/K is obtained by completing a finite extension of k' = k^/P . 
In its turn, k' is induced from a finite separable extension of fc, hence L = IK 
for a finite separable extension l/k. It follows that the natural homomorphism 
Gal|f — > Galfe is injectivc. To prove that this homomorphism is surjective wc have 
to show that Kdk" = k. Suppose on the contrary that ifflfc* contains an element 
a G k^ \k. Then a can be approximated by elements of k' to any precision, and 
Lemma 3.1.3 (i) would imply that a G k', that is absurd. □ 

Also, one can deduce from Lemma 3.1.3 that any disc containing a Zariski closed 
point X with moderately ramified extension 'H{x)/k is an /-split disc for a moder- 
ately ramified extension l/k {a much stronger result is proved in [Due, 2.6]). For 
the sake of comparison, wc now consider a typical example of a disc of degree p 

whose center is wildly ramified. 

Example 3.1.5. Let a be such that / = k{a) is a wildly ramified extension of k of 
degree p. Set R = infcgfc \a — c\ and r = |a — q:2|, where 0:2 7^ a is a conjugate of 

a. Usually r < R and it is always the case in the discrete valued case. For any s 
with r < s < R, the disc Es = E(a, s) is neither fc-split nor /-split. 

The following class of valued fields will be very important in the sequel. Recall 
that a valued field k is called deeply ramified if k° = {k°y + pk° (that is, the 
Frobenius is surjective on k° /pk°). Note that an equicharacteristic valued field k 
is deeply ramified if and only if it is perfect. We refer to [GR, 6.6.6] for many 
equivalent (and non-trivial) characterizations of this condition. 

Lemma 3.1.6. Assume that k is deeply ramified, and let I = k{a) be a wildly 
ramified Galois extension of degree pwith a conjugate a2 a. of a. Then \a—a2\ = 
infcgfc \a- c\. 

Proof. Let ai = a,a2, . . . ,OLp S fc* be the conjugates of a, r = |a — and 
s = infagfe |a — a|. Then r =\a — ai\ for any 1 < t < p by Galois conjugation, and 
so r < s by Lemma 3.1.3(ii). Now, let us assume that the assertion of the Lemma 
fails and r < s. Replacing a with its translate a — c for c G k preserves the value 
of r, and we can achieve in this way that t := \a\ is as close to s as we want. In 
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particular, we may and will assume that \p\^/Pt < s. Let a e k be the norm of 
a, then a = Y[i=ii'^ — (a — cti)) hence expanding the right hand side expression, 
taking to the left hand side and estimating the remaining terms we obtain that 
\a - aP\ < rtP-'^, or, that is equivalent, \a^/P - a\ < t{r/tf'P. Since {r/ty/P is 
smaller than a fixed number {r/sY^P < 1 and t can be made very close to ,s, we can 
achieve that t{r/tY/P < s, and, in particular, \a — a^^P\ < s. To prove the Lemma 
by a contradiction it remains to recall that a can be approximated by elements of 
k with a good precision; namely, there exists b £ k such that |&p — a| < \pa\. Thus, 
\b — a^^P\ < |pa|^/^ = < s and hence |6 — a| < s, which is an absurd. □ 

Proposition 3.1.7. Assume that k is deeply ramified, and let a € k'^ be an element 
with conjugates a\ = a, a2, ■ ■ ■ , ad. Then maxi<,<(i \a — ai\ = infcg/j |a — c|. 

Proof. Set I = k{a) and let us first establish the following three cases: (i) l/k is 
wildly ramified, Galois and of degree p, (ii) l/k is moderately ramified of prime 
degree q (then I is automatically of the form ^(a^/^)), (iii) l/k is unramified. 
Case (i) was proved in Lemma 3.1.6 and cases (ii) and (iii) follow by an easy 
direct computation. Returning back to the general case, we find a tower of fields 
kn/kn-i/ . . . /ko — k such that / C kn and each successive extension is of type (i), 
(ii) or (iii). (This is possible by the standard theories of valued fields and p-groups.) 
The Proposition is already proved for n = 1, and using induction on n we can as- 
sume that the Proposition is known for any extension which embeds in a similar 
tower of a smaller length. 

For i e {0, 1} set ri = infcgfci la — c|. Note that ro > maxi<j<d |a — a^j by 
Krasner's Lemma, and hence we should only establish the opposite inequality or 
find i with |a — aj| — tq. Obviously ri < ro and let us first assume that the exact 
equality holds. The Proposition is assumed to hold for a over fci by the induction 
assumption, hence ro = ri = max \a — Ui- \ where the maximum is taken over the 
conjugates of a over k\. Since maxi<i<(i \a — ai\ cannot be smaller, we obtain that 
it is at least ro- On the other hand, it cannot exceed rg by Krasner's lemma. 

So, we can assume that ri < rg. Then there exists /3 € /ci such that |q; — < ro, 
and it follows that infce/t |/3 — c| = ro- Since the Proposition is known to hold for j3 
by one of the three above cases, we obtain that |/3 — /32| ~ tq for a conjugate /32 of 
/3. Then |a — /3| < |a — /32| and by conjugation there exists a conjugate m such that 
\a — f}\ = \ai — /32|. It then follows that \a — ai\ = |/3 — /32| — as required. □ 

Corollary 3.1.8. If k is deeply ramified then any disc X = E{a,r) is isomorphic 
to an almost l-split disc for a finite extension l/k. 

Proof. Replacing k with I = k°-r\0{X) we can assume that it is algebraically closed 
in 0{X), and then we have to show that X is almost fc-split. By Krasner's Lemma 
(see Lemma 3.1.3 (ii)), if a^'s are the conjugates of a then r > s := maxj \a — ai\. 
But s ~ infcefe |c — a\ by Proposition 3.1.7, and hence the disc is almost split. (It 
is not split if and only if r = s and the infimum is not achieved.) □ 

Corollary 3.1.9. // k is deeply ramified and x € is a point of radius r then 
there exists a discrete subset S of the interval (r, oo) such that for any s € (r, oo) \ S 
the disc E{x, s) containing x and of radius s is an l-split disc for a finite extension 
l/k. 

Proof. Take S to be the set of critical radii s for which E{x, s) is almost m-split 
but not m-split for a finite extension m/k. If si > S2 are two critical radii then 
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the corresponding fields are strictly embedded mi C m2. Since mi C 0{E{x, S2)) 
and 0{E{x, S2)nfc* is finite over fc, we obtain that each closed subinterval of (r, 00) 
contains finitely many elements of S. So, S is discrete in (r, 00), as required. (Note 
that S does not have to be discrete at r because 'H{x) fl A;* can be infinite over k 



We say that an analytic fc-field K is k-split if infcg^ I?" — c| = infcefea \T — c\ for 
any T € K (the second infimum is computed in the analytic field k°'K, which is 
unique up to a (non-unique) isometry). 

Corollary 3.1.10. Assume that k is deeply ramified. Then K is k-split if and only 

if k is algebraically closed in K. 

Proof. Obviously, if K is fc-split then k°' (1 K = k. Conversely, assume that K is 
not fc-split, and let T G K and a e fc" be such that |T — a| < infcgfe \T — c\. Then 
|T— a| < infcefe |a — c|, hence by Proposition 3.1.7, IT— a| < |a — a' | for a conjugate 
a' of a. Therefore, the field k{T) contains a non-trivial extension of k by Lemma 



Remark 3.1.11. (i) The Corollary implies the Ax-Sen theorem for a deeply ram- 
ified analytic field k. (Recall that the latter states that for any K ^ k"', K dk'^ is 
dense in K). 

(ii) It can happen that k is algebraically closed in K but the latter is not strictly 
split in the following sense: there exists T G K such that infcefc \T — c\ is not 
achieved but infcgfc" l^" — c| is achieved (both arc equal by the Corollary). For 
example, if x is the maximal point of an almost split but not split disc then H{x) 
is split but not strictly split over k. 

3.2. Analytic inseparable uniformization of terminal points. An extension 
of analytic fields K/ k (we automatically assume that the valuations agree) is called 

one-dim,ensional if for some choice of a; G \ fc", is finite over the closure of 
k{x) in K. The latter field will be denoted k{x) in the sequel; it is isomorphic to 
the completion k{x)). It is proved in [Tem3, 2.4.4] that such & K \s finite over any 
subfield k{y) with y £ K\k°-. In [Tem3, §2.3] one-dimensional fields are divided to 
types as follows: if F = Fk/^. and E = Ej^/p. then the sum E + F does not exceed 
one, and we say that K is of type 2 (resp. 3, resp. 4) if F = 1 (resp. E = 1, resp. 
E = F = 0). In particular, K is of type 4 if and only if it is essentially immediate. 
In addition, type 1 fields will refer to subfields of fc°. 

In the sequel we will work with a good strictly A:-analytic curve C. Note that 
by Noether normalization, C is a finite cover of a disc locally at any point x G C. 
Though all our results hold without the goodness and strictness assumptions, we 
impose them for reader's convenience; such generality covers our applications, but 
requires less familiarity with analytic geometry. We classify points on C accord- 
ingly to the types of their completed residue fields. One can easily sec that this 
classification agrees on A^ with the classification from §3.1. Note that for a point 
X G C the following conditions are equivalent: ^ 0, a; is Zariski closed, x cor- 
responds to a classical rigid point, [Hi^x) : k] < 00. In particular, if x is Zariski 
closed then it is of type 1, and the converse is true for an algebraically closed k. 
Also, Oc,x = if and only if x is not Zariski closed. 



for a point x of type 1 or 4.) 



□ 



3.1.3 (ii). 



□ 
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Finally, we say that a; G C is a terminal point if it is either of type 4 or of type 1 . 
Thiis, X is terminal if and only if 'H{x)/k is essentially immediate. It follows from 
[Berl, 2.5.2(d)] that any terminal point x is inner, i.e. x e Int(C). 

Lemma 3.2.1. Assume that k is perfect, and let C be a good strictly k-analytic 
curve with a not Zariski closed point x. 

(i) Assume that char(fc) = p > 0. Then the p-rank of k{x) equals to one, and 
the p-rank ofH{x) equals to zero for x of type 1 and equals to 1 for x of any other 
type. 

(ii) The valued field k{x) is not algebraically closed in its completion H{x) if and 
only if char (k) > and x is of type 1. 

(Hi) Assume that x is inner and is not of type 1 (for example, x can be any point 
of type 4). Then x possesses a neighborhood C embeddable into Aj. if and only if 
%{x) is topologically generated by an element, i.e. 1-L{x) = k{T) for an appropriate 
choice o/T G 'H{x). 

For any field K of positive characteristic p, by its p-rank we mean a number n 
(possibly infinite) such that p" = [K : K^]. 

Proof. The problem is local at x, so we can replace C with an affinoid neighborhood 
of x. Then by Noether normalization there exists a finite map C ^ E ^ Ai{k{T}) 
onto a disc. If y denotes the image of x then it suffices to prove (i) for E and y 
instead of C and x because the p-rank of a field is preserved under finite extensions. 
For any connected rational affinoid domain A4{A) in E, the ring A is integral and 
the subring k{T) n ^ of L := Frac(^) is dense in A, hence L{T^/p) is the only 
inseparable p-extension of L and the p-rank of L is one. It follows that the p-rank 
of K{y) cannot exceed one, hence it must be equal to one because T^/*" is not in 

The p-rank can only drop under completions, hence the p-rank of ^{y) cannot 
exceed 1. If is of type one then ^.{y) C k°- hence I = k"" f\'H{y) is dense in 'H{y) 
by Ax-Scn theorem. Since I is perfect, Hiy) has zero p-rank. To finish the proof 
of (i) it remains to show that T is not a p-th power in ^{y) for y of type 2, 3 or 4. 
For type 4 it is proved in [Tem3, 2.3.8]. For type 2 (resp. 3) we can find elements 

a,b G k such that 'H(y) (resp. \T-l{y)^\) is generated over k (resp. \k^\) by the 
residue of T/a - b (resp. |T - 6|). Since a^^P, b^l^ G k, it is clear that T^/p ^ H(y). 

To prove (ii) we recall that k{x) is always separably closed in ^{{x) by [Bcr2, 
2.3.3], hence we have to deal only with the case when char(fc) > 0. If x is of type 
1 then the p-rank of k{x) drops under the completion (the p-rank of T-L{x) is zero), 
hence 'H(x) contains the perfection of k{x), in particular, ^(a:) is not algebraically 
closed in T-L{x). Finally, if x is not of type 1 then Hi{y) is algebraically closed in 
its completion ^{y) because as we proved earlier T^/p ^ 'H(y). Hence the finite 
extension k,{x) of k(j/) is algebraically closed in its completion ^.{x). 

Now, let us prove (iii). If x G C" C Aj, then any coordinate on A^ topologically 
generates H{x). Conversely, let us assume that ?{(.t) = k{T). Since T-L{x) is one- 
dimensional, T ^ A? and it follows from [Tem3, 2.4.3] that 'H(x) = k{T') for any T' 
with \T — T'\ < inf |T — k"\. In particular, moving T slightly we can assume that 
T G k{x), and then T induces a morphism C — > A^ from a neighborhood of x. 

Note that x G Int(C") C Int(C"/A^) by [Berl, 2.5.8(in)]. Since / is not locally 
constant at x by our assumption on T, the fiber over y = f{x) is discrete. Hence 
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/ is finite at x by [Ber2, 3.1.10]. Since / induces an isomorphism 'H{y)^'H{x) and 
k's are algebraically closed in "H's, / also induces an isomorphism K{y)^K{x). It 
follows that / is a local isomorphism at x (see the first step of the proof of [Ber2, 



Corollary 3.2.2. If k is a perfect analytic field then for any one- dimensional field 
K there exists a projective k- analytic curve C with a point x such that 'H{x)^K. 

Proof. Recall that K is finite over a subfield Kg = k(T) for any T G K\k°-. Since 
ifo is the completed residue field 'H{y) of a point y G A^. of type 2, 3 or 4. its p-rank 
equals to one by Lemma 3.2.1. If K/ Kq is not separable then K is not perfect and 
we rechoosc T & K so that it is not a p-th power. Note that K is now separable 
over Kq = k{T) because each inseparable extension of Kq contains ifo(r^/^') (we 
use that the p-rank of Kq is one by Lemma 3.2.1, and T^/^ ^ Kq as we showed 
while proving the Lemma). Now, by [Ber2, 3.4.1] there exists an etale morphism 
C ^ A\ and a point x over y such that 'H{x)/'H{y) is isomorphic to the extension 



It follows easily from the stable reduction theorem that if k is algebraically 
closed and C is a smooth A;-analytic curve then any terminal point x G C has a 
neighborhood isomorphic to a disc, see [Berl, 4.3.1]. (Note that other points have 
more complicated basic neighborhoods.) This statement is easy for type one points, 
but is a surprisingly deep fact for a type 4 point x. By the above Lemma, it is 
equivalent to a claim that any type 4 field is of the form k{T), and the first direct 
proof of the latter result was given by Matignon (unpublished) . 

Another direct proof of this result was given by the author in [Tem3, 2.4.1]. 
An important feature of that proof is that it works in the more general case when 
the ground field k is deeply ramified. This enables us to describe in Theorems 
3.2.3 and 3.2.4 terminal points over any such k. We will consider in the proofs 
only the case when p = char(fc) > since it is substantially more difficult and it 
is the case we will need for the applications. The author does not know about 
any other proof of such a description of terminal points; in particular, it cannot 
be deduced straightforwardly from the stable reduction theorem. Note also that 
even the description of type 1 points is not so obvious over a general perfect field 
because, as we will see, its proof makes use of Ax-Sen theorem. 

Theorem 3.2.3. Let k be a deeply ramified field and let K be a one- dimensional 
analytic k-field of type 4. Then K contains a k-finite subfield I and an element T 
such that K = l(T). 

Proof. Our starting point is [Tem3, 2.4.1(i)], which implies that the Theorem holds 
when K is fc-split and k = k"^^ . Clearly, K = k{T) in this case, and our first aim is 
to prove that the condition k = k™" is redundant here. 

Step 1. The Theorem holds when K is k-split. It follows from Corollary 3.1.10 
that Km = k'^'^K is split over km = fc""', hence Km = fcm(T'm) by the above case. 
By Corollary 3.2.2 there exists a /c-affinoid curve C = Ai{A) with a point x such 
that 'H{x)^K. Then the curve Cm = C®km contains a point Xm sitting over x and 
such that 'H{xm)-^Km- Furthermore, Xm is the only preimage of x in Cm because 
k is algebraically closed in T-L{x). It follows from Lemma 3.2.1 that Xm possesses 
a neighborhood isomorphic to a disc, and since Km is fcTO-split, it must be a 
km-spM disc. So, C'm^M{km{T'}). 



3.4.1]). 



□ 



K/Ko. 



□ 
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It is a standard fact which follows from [BGR, 7.3.4/3] that the affinoid domain 
C,'„ can be defined already over a finite extension l/k (sec, for example, [BLl, 
1.4]), i.e. is the preimage of an affinoid domain C[ = M{A'i) in C; := C ®k I- 
Since fc„{T'} = fc„{T"} for any T" e km{T'} with |T' - T"| < 1, we can move 
T' S km{T'}^A'i®ikm and enlarge I C km so that T' G A'l- Then a natural 
homomorphism (/) : 1{T'} — > A'l arises, and it has to be an isomorphism because 
(t>®ikm is the isomorphism km{T'}^0{C'^). In particular, C[ is an ^-split disc and 
7i{xi) = 1{T'), where xi G €[ is the preimage of x. 

Wc thus descended from the infinite base change C'^ to a finite base change 
C[, but it remains to descend further to C. First, we note that km/k is Galois 
and hence we can replace I with its Galois closure (which is contained in km)- Let 
G = Gal;/fe denote the Galois group. Next, wc observe that for any two discs with 
a non-empty intersection in the affinoid space Ci one of them contains another one. 
Since €[ and all its translates by G contain xi , it follows that the intersection of all 
these discs is an Z-split disc C" containing xi and fixed by G. In particular, C'/ /G 
is an affinoid domain C" C C by [BGR, 6.3.3/3]. Obviously, G" is a neighborhood 
of x, and since the extension l/k is moderately ramified and C'/^C" ®k I is an 
Z-split disc, C" is a fc-split disc by [Due, 2.6]. 

Step 2. The Theorem holds in general, li L C K is the completion of the field 
Knk" (which can be infinite over k) then L is algebraically closed in K by Ax-Sen 
theorem. Note that K is a one-dimensional L-ficld of type 4 because it is finite 
over a subfield of the form L[T) with T ^ k°- = L"-. In addition, K is L-split by 
Corollary 3.1.10, so = L{T) by the first stage. It remains to recall that the 
extension K/k{T) is finite by [Tem3, 2.4.4], hence K coincides with 1{T) already 
for a fc-finite subfield I ^ L. □ 

Now we are in a position to describe local striicture of terminal points over a 
perfect field. Recall that a good analytic space X is called regular if all its local 
rings are regular, and it is called rig-smooth if Xk = X®kK is regular for any 
analytic fc- field K (one can show that for perfect k both notions coincide). Note 
that in [Berl] rig-smooth spaces were called smooth, but now smoothness is used 
to denote rig-smooth spaces without boundary (thus rig-smoothness corresponds 
to smoothness in rigid geometry). An important difference between rig-smoothness 
and smoothness is that the former is inherited by analytic subdomains. We remark 
that in the following Theorem the rig-smoothness assumption is needed only to 
include the (rather obvious) case of Zariski closed points because a reduced analytic 
curve over a perfect field is automatically rig-smooth at all other points. 

Theorem 3.2.4. Let k he a deeply ramified analytic field and let C be a rig-smooth 
k-analytic curve with a terminal point x. Then x is contained in a neighborhood C' 
which is isomorphic to a closed unit l-disc for a finite extension l/k. 

Proof. First we note that it suffices to find a neighborhood of x which is isomorphic 
to a domain in A^. Then Corollary 3.1.9 would imply that x lies in a Z-split disc, 
and, moreover, the radius can be chosen integral because \k^\ is not discrete (it 
is even p-divisible, since k is deeply ramified). Normalizing the coordinate we can 
achieve that the disc is a unit /-disc. We will need the following simple Lemma. 

Lemma 3.2.5. Let k be an analytic field, C be a good k-analytic curve with a 
terminal point x such that the local ring Oc,x is integral, and T e Oc,x be an 
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element which is not annihilated by any polynomial from k[T]. Then T induces a 
map f : C ^ Aj from a neighborhood of x and f is finite at x. 

Recall that by definition [Ber2, 3.1.1], / is finite at a; if it induces a finite mor- 
phism U ^ V where U (resp. V) is a neighborhood of x (resp. f{x)). 

Proof. Shrinking C we can assume that it is reduced and irreducible. Obviously, T 

induces a morphism f : C ^ A^, and it was observed earlier that x is inner with 
respect to /. Since / is not locally constant at x by our assumption on T, the fiber 
of y = f{x) is discrete. Hence / is finite at x by [Ber2, 3.1.10]. □ 

We now prove the Theorem by dealing separately with three cases. Set K = 
%{x). The case of a Zariski closed x (i.e. K/k is finite) is the easiest one. Any 
regular parameter T e vrix induces a morphism f : C ^ Y — Aj. = Ai{k[t]) which 
takes X to the origin y and is finite at x. Then Oy.y ^ Oc.x is a finite homomor- 
phism of one-dimensional regular local rings, which takes the regular parameter t to 
the regular parameter T and induces a separable extension 'H{x)/k of the residue 
fields because k = k^. Hence Oc,x is etale over Oy^y, and by [Ber2, 3.3.6] / is 
etale at x. By [Ber2, 3.4.1] locally at x the morphism / is determined by the field 
extension 'H{x)/k, hence C and Y K = A]^ are locally isomorphic at x and at 
the origin, respectively. So, the Theorem holds true with I = K. 

Next, we assume that x is of type 1 and is not Zariski closed. In particular, 
Oc,x = k{x) ^ fc". Choose any element T S k{x) which is not a p-th power. Let 
f : C ^ Y = A^ be the morphism induced by T on an appropriate neighborhood 
C" of X, and set y = f{x). Then / is finite at x by Lemma 3.2.5, and, moreover, 
it is etale at x by [Ber2, 3.3.6]. Indeed, niy = and the finite extension of the 
residue fields K,{x)/K{y) is separable because T e K,{y) and T^/p ^ k,{x) (we use 
Lemma 3.2.1(i) here). We claim that there exists a finite extension l/k such that 
n{x) = ln{y). First, we note that since K O k°- is dense in if C fc" by the Ax-Sen 
theorem, there exists finite extension l/k such that K = l'H{y). Let us check that 
one also has that k{x) = lK{y). Indeed, k's are separably closed in Ws and l/k 
is separable, hence / C k,{x) and then the separable extension k{x) /lK{y) is trivial 
because lK{y) is separably closed in its completion l'H{y) = K = 'H(x). Now, the 
same argument with [Ber2, 3.4.1] as was used for Zariski closed points implies that 
C at a; and A\ at a preimage of y arc locally isomorphic. 

Finally, we assume that x is of type 4. This is the most difficult case but the 
main work has already been done in Theorem 3.2.3, which implies that K = k'(T) 
for a finite extension fc'/fc and some T ^ K. Since k' is separable over fc, it is 
contained already in k{x). It follows that a sufficiently small neighborhood of x 
is defined over k', and then a smaller neighborhood embeds into Aj^, by Lemma 
3.2.1(iii). So, X admits a neighborhood isomorphic to a /c'-disc. By Corollaries 3.1.8 
and 3.1.9, we can take this disc to be an ^-split disc of an integral radius for a finite 
extension l/k'. The Theorem is proved. □ 

Theorem 3.2.6. Let k be an equicharacteristic analytic field, g : C ^ C be a 
morphism of rig-smooth k-analytic curves and x G C be a terminal point with a 

finite fiber g~^{x) = Then there exists a finite purely inseparable 

extension k' /k, finite separable k' -fields li,...,ln and an affinoid neighborhood C 
of X such that each ®k k' is isomorphic to a closed unit U-disc, where C- is the 
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connected component of g ^(C) that contains Xi. Moreover, if a k-field kp C k^^^ 
is dense in the completed perfection k^/p'^ then OTIC C(XTl tOikc k C kp • 

Proof. The particular case when C = C and k is perfect was estabUshed in Theorem 
3.2.4. We will drop these two extra-assumptions in two stages. 

Step 1. The Theorem holds when k is perfect. By Theorem 3.2.4, x lies in a unit 
Z-disc C — Ai{l{T}) for a finite extension l/k. Similarly, for each 1 < i < n we can 
find a neighborhood Ci C g~^{C') of Xi which is isomorphic to a unit Z^-disc for a 
finite extension h/k. Let Xr ^ C be the disc of radius r containing x, where r is 
taken between the radius r{x) of x and 1. Consider the preimage of Xr under the 
morphism Ci — > C", and let Xr^i be its connected component containing Xi. Then 
Xr^i is a disc because of the following well known result: if k is algebraically closed, 
y is a /c-disc and f : Y is a morphism then the preimage of any disc in is 

a disjoint union of discs (the proof of this reduces to an easy claim that Y{r~^f} 
is a disjoint union of discs with centers at the roots of /). 

Obviously, {Xr,i}r(x)<r<i is a decreasing family of discs whose intersection is 
Xi. In particular, Xr^i is strictly smaller then Ci for sufficiently small r's, and then 
Xr,i — C[ (i.e. Xr^i is the connected component of g^^iX^) that contains Xi). By 
Corollary 3.1.9, for any r € {t{x), 1) excluding a discrete set, X^ is an Z(r)-split 
disc where l(r) is a finite extension of k. By the same argument, each X^^i is an 
Zj(r)-split disc for any r outside of a discrete set. Hence there exists an interval 
I = (ri,r2) such that for any r e /, C" = is an Z-split disc and each C\ is 
an Zj-split disc of some radius rj. Then it is easily seen that shrinking I we can 
achieve that ri = ajr"' for any re/ and fixed natural numbers n, and real numbers 
a, e \k^\. Since the group |fc^| is not discrete, we can choose re/ such that all 
radii rj are integral (i.e. lie in |). Normalizing the coordinate we can make the 
radius equal to one. 

Step 2. The general case. If kp is not specified in the Theorem then we make 
a default choice kp = k^/'P . In particular, k" := kp is the completed perfection 
of k in any case. Set Y = C®kk" , Y = C®kk" and g = g®kk" , and let y G F 
and e li be the preimages of x and Xi under the homeomorphisms Y ^ C 
and y — > C, respectively. By the previous step, y possesses a neighborhood Y' 
such that each yi is contained in a connected component Yi C g^^{Y') which is 
isomorphic to an /"-split disc for a finite extension I'l jk" . The image of Y' in C is 
easily seen to be an affinoid domain which we denote C (for example, the preimage 
of C" in C®}ik°- is an affinoid domain preserved by the action of Gal^s /fc, hence the 
argument from Step 1 in the proof of Theorem 3.2.4 proves that C is affinoid). We 
will show that C is a neighborhood of x as required. The connected component 
C- C 5~^(C) containing Xi is the image of Yi in C, hence Yi'^Ci®kk" ■ Therefore, 
to prove the Theorem it now suffices to prove the following statement. Assume 
that X = M{A) is an affinoid space such that X" = X®kk" is isomorphic to a 
unit I" -disc, where l"/k" is a finite extension. Then there exists a k-finite subfield 
k' C kp such that X' = X k' is isomorphic to a unit I' -disc, where I'/k' is a 
finite separable extension. Indeed, it follows that the same condition is satisfied for 
any larger subfield k'l C kp, hence we can apply the claim simultaneously to all 
affinoid spaces C-. 

Let us prove the claim. By Corollary 3.1.4, I = /"nfc'* is finite over k and Ik" = I" 
is the completed perfection of I. In particular, the morphism </> : (X (8)^ l)®il" — >■ 
X (g)/j Z is a homeomorphism. Since X" is defined over I" , there exists a connected 
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component Z" C [X ®h l)^il"^X" (E)k" I" which is projected isomorphicaUy onto 
X". This component is mapped by (j) onto a connected component Z X®kl, and 
we observe that the projection p : Z ^ X is &n isomorphism because p®kk" is the 
isomorphism Z"^X" . Existence of such Z imphes that X is defined over I, in the 
sense that I embeds into A. Choose a coordinate T on the /"-spht disc X" , i.e. fix 
an isomorphism X"^M{l"{T}). Any other element T' e 1"{T) with \T-T'\ < 1 
is a coordinate on X" too, and, obviously, A (E)k kp is dense in A(E)kk"^l"{T}. 
Hence we can move T so that T G A(E)k kp, and then T E A (E)k k' already for a 
fc-finite subfield k' C kp. Set /' = Ik' and notice that A(^k k' ^ 1"{T} contains 
l'{T} as a subalgebra. Moreover, the embedding (j) : l'{T} ^ ACSikk' is actually an 
isomorphism because its base change (p^k'k" is the isomorphism I" {Ty^A®kk" ■ 
So, X ®k k'^M{l'{T)) is a unit Z'-disc. □ 

Remark 3.2.7. For the sake of simplicity we did not study the mixed characteristic 
case. It seems that Theorem 3.2.6 holds for any deeply ramified base field k with 
any field kp C fc" such that kp is deeply ramified, and the proof is essentially the 
same. For example, if k is embedded in the completed algebraic closure of a valued 
field Qp(ri, . . . ,T„) then one can take kp = k{l^/P°° ,tI^^°° , . . . ,T,y^~). 

3.3. Decompletion. Throughout this section fc is a valued field of height 1 and 
positive characteristic p, and S = Spec(fc°) with the generic point ij = Spec(fc). 
Let K he a finitely generated valued /c-field of transcendence degree one and C = 
Spec(74) be an affine normalized S-model of K° in the sense that C is an integral 
5-scheme of normalized finite presentation with generic point Spec(X) — >■ C and 
such that K° is centered on C. We assume that K is of height one and the extension 
K/k is essentially immediate. Note that C is of 77- normalized finite type over S by 
Remark 2.5.2(ii). Finally, i^i, . . . , Kn are finite valued extensions of K. 

Theorem 3.3.1. Keep the notation of%3.3. Then there exists an affine normalized 
S-model C which refines C and finite extensions of valued fields l/k and rm/l for 
1 <i <n such that the following conditions hold. Let Li denote the field IKi with 
the valuation extending that of Ki and let Zi denote the center of L° on AfrLiiC). 
Then Zi is smooth- equivalent over S to the closed point of Si = Spec(m°). 

Proof. Set Ci = Mrxi [C] and let and denote the formal 7r-adic completion 
of C and Ci (as usually, tt is a non-zero element of k°°). Also we denote by 
and the analytic generic fibers as defined in §2.5. In order to use uniform and 
simultaneous notation for C and all Cj's it will be also convenient to set Co = C 
and C = U"^gCi and to define £ as the formal completion of C. We start the proof 
with three preliminary steps. 

Step 1. Reduction to the case when Cr, is k-smooth and Cr, is rig-smooth over k. 
The k -curve Cj^ can be made smooth by finite purely inseparable extension of the 
basic field and subsequent normalization; that is, there exists a finite and purely 
inseparable extension F/k such that the curve MrpKiCrf) is i^-smooth. We claim 
that it suffices to prove the Theorem for F, Cp = NrpK{C) and FKiS instead of fc, 
C and KiS. Indeed, assume that mi/l/F and C'p = Spec(Ai7) satisfy the assertion 
of the Theorem for the former triple (so, C'p is a model of FK and Ap C FK). 
Then nii/l/k and C = Spcc(A'), where A' = Ap K, satisfy all assertions of the 
Theorem (the only non-obvious claims here are that A' is the normalization of a 
finitely generated fc°-algebra and J\frFK{A') = Ap, but both follow from the fact 
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that A' D APp for large enough n because FK/K is purely inseparable). So, we 
can extend the ground valued field k to _F, achieving that the generic fibers are 
fc-smooth. We thereby achieve that C,, is fc-smooth, and we claim that £^ is then 
rig-smooth. Indeed, the Stein space X = (C^ ®i. kY'^ is rig-smooth by a GAGA 
type result [Berl, 3.4.3] (it then even follows that X is smooth because it has no 
boundary), and is an affinoid domain in X by Remark 2.5.1(i). 

Step 2. Use of Theorem 3.2.6 and algebraization of extensions of k. Let x be 
the center of K° on C and x e ^ be the point that corresponds to K° via 
the map ip^ : C^" C^" described in Remark 2.6.4. Also, wc associate to each 
K° a point Xi e ^ £^ in a similar way. The field H{x)^K is essentially 
immediate over k, in particular, a? is a terminal point. By Theorem 3.2.6 there 
exists a connected fc-afRnoid neighborhood of x, a finite purely inseparable 
extension l/k and finite separable extensions rui/l such that the following condition 
holds: the preimage of QJ^ in £^ contains connected components Wi 9 Xj such that 
Wi^i := Wi (8)^1 is a closed unit mj-disc. Since k^/^'" k is dense in (fc)^/^'" , Theorem 
3.2.6 also states that we can choose I of the form I for a finite purely inseparable 
extension l/k. The algebraization of m^'s is possible by Krasner's lemma; that is, 
there exist finite separable extensions mi /I such that Wii = fhi. Finally, we set 
TO ~ Too and note that Wq^QJ,, (because C is the zeroth connected component of 
C) and hence (g)^ 7 is a closed unit rn-disc. 

Step 3. The affinoid domain QJ^, algebraizes to an affine normalized S-model 
V = Spec(B) of K° , in the sense that the embedding £^ is the analytification 

of a refinement of m,odels V ^ C . Since C = Spcc(v4), we have that £^ = M{A) 
for the A;-affinoid algebra A = At^. We will find a refinement ^ — >■ C as above and 
such that Vrf^Cy^ = Spec(A^). The latter condition is very restrictive and it will 
actually dictate the construction. Let B be the affinoid algebra of 2J^. Then 
naturally embeds into B via A^ A^ B (the first map is injective because C is 
integral and with non-empty closed fiber Cg), hence the only possible choice for a 
normal algebraization of is to take B = B° O A^^ and V = Spec(B), and this 
construction really algebraizes if and only if B = B°. Since B° is open in B to 
accomplish the step we should show that the image of A^^ is dense in B, and since its 
image is obviously dense in A, it would suffice to know that the image of A is dense 
in B. By [Berl, 2.2.10(b)], the latter happens if and only if QJ^ is a Weierstrass 
domain in We will show that is a Weierstrass domain using a ground 
field extension. For any finite Galois extension F/l with to ^ F, we have that 
9J,j,F := F is a disjoint union of unit i^-discs in €.q^F '■= ^-q ^j: F. Choosing 

F sufficiently large wc can achieve that Crj.F admits a semi-stable reduction, and 
then it is well known that 2J,,.f is a Weierstrass domain in £t;,_f- In particular, it 
is of the form . . . , /„} where fj G A (Ei^ F. Finally, take gj G .4 to be 

the norm of fj (i.e. the [I : A;]-power of the product of all Galj,y^conjugates of fj). 

Then C^^fI,/} = ^^^,^{9}, and hence 9J,, = £,,{,91, . . . ,.9,1} is a Weierstrass domain 
in €jj. 

Now, we are prepared to prove the Theorem. We have already introduced /, 
so set Li = IKi as in the formulation of the Theorem, and consider the schemes 
C" = V, C[ = NrKAC) and C[ i = MtlAC') with formal completions and 
. Note that is the preimage of £^ in Cj^^ because C- is the ry-normalization 
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of Ci xc C" (we use here that C^~>Crj by Step 3). In particular, Wi is a connected 
component of ■ ^ by Step 2. Each field Ki is separable over k by fc-smoothness of 
Cj], hence Ki(E)kl^Li. Taking into account that 1° = Nri{k°) because l/k is purely 
inseparable, we deduce that C- ^ = NrLi{C' ®k° 1°)- Therefore, its analytic generic 
fiber is ; ^-^^'i.rj ®£ ^ by Lemma 2.5.7, and we obtain that Wi^i is a connected 
component of £■ ; ^. By Lemma 2.5.3, £■ ^ is the maximal affine formal model of 
its generic fiber hence £^ ; contains a connected component SUi^; with the 

generic fiber Wi^i- Let be the closed subset of C- ; that corresponds to 23?^^;. By 
Theorem 2.7.2(ii) any point of Zi is smooth-equivalent over S to the closed point of 
Spec(TO°). It remains to note that L° is centered on Zi because the corresponding 
analytic point of £^ ^ is the preimage of Xi and is, therefore, contained in Wi^i. So, 
C" and mi /l/k are as required. □ 

We will also need the following Lemma which will help us to treat valuations of 

height larger than one. Consider the following situation: X = Spcc(^) is an affine 
integral S'-scheme of normalized finite presentation and x G is a closed point 
of the generic fiber. Assume that the finite fc-field m = k{x) is provided with a 

valuation extending that of k and such that the closed immersion : Spec(m) — )• 
Xri extends to a morphism i : Sm X, where 5'^ = Spcc(TO°). 

Lemma 3.3.2. Keep the above notation and assume that x is a simple k-smooth 
point. Then there exists an affine S-scheme X' of normalized finite presentation 
and a morphism f : X' ^ X such that fr^ is an isomorphism, the closed immersion 
ix '■ Spec(m) — >■ X'^ extends to a lifting i' : Sm — ^ X' of i, and the image of the 
closed point of Sm under i' is smooth- equivalent to the closed point of Sm- 

Proof. Consider the homomorphism A — >■ m° corresponding to i and apply the 

same construction as was used in Remark 2.6.4, i.e. complete it and invert a non- 
zero TT S k°°. In this way, we obtain a character A ^ m which gives rise to a 
smooth m-point x e = M{A) which is Zariski closed because m is finite over k. 
Let T = (Ti, . . . ,T„) be a system of regular parameters of Ox^.s-i The morphism 
U — )■ A|, which T induces on a suSiciently small aflSnoid neighborhood of x, is etale 
at X by [Ber2, 3.3.6]. Then [Ber2, 3.4.1] implies that locally at x, f is determined 
by the field extension m/k, and hence it is locally isomorphic to the projection 
AJi — > A^. It follows that for sufficiently small re |fc^| the Weierstrass domain 
U{r~^T} is isomorphic to a unit rri-polydisc, i.e. is of the form M{m{Ti, . . . , T^}). 

We claim that for small r's each U {r~^T} is a Weierstrass domain in Indeed, 
since x is Zariski closed, it possesses a fundamental system of Weierstrass neighbor- 
hoods in Xri', in particular, we can find such a neighborhood W C U. Obviously, 
W contains some W := U{r~^T}, and then W = W'{r~^T} is a Weierstrass 
neighborhood of x in W', and we obtain that is a Weierstrass neighborhood of 
X in by the transitive property of Weierstrass domains. 

Now, we can act exactly as in the end of the proof of Theorem 3.3.1. First we 
algebraize W. By the definition of Weierstrass domains, W is of the form X,,{//7r} 
where tt G k°° and / = (/i, . . . , /„) C A. Multiplying / and tt by a large power of 
TT we achieve that f C A° = A. Furthermore, we can add to each fj any element 
whose spectral norm is less than |7r| and hence we can harmlessly assume that 
fj e A. Then, we claim that X' = A/'r(Spec(yl[//7r])) is as required. Obviously, 
X'^^X^. Since x C W^X'^ one has that \fj{x)\ < |7r|. Hence < |7r| in m, 
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and so fj{x)/'K G m° . Existence of i means that the image of A in m = k{x) lies in 
m° . We have just shown that the images of /j/tt in m he in to°, hence the image 
of A[f /-k] is contained in m°, and we obtain that i Hfts to i' : Sm — >■ X' . Finally, 
is a unit m-polydisc, hence any point of X'^ is smooth-equivalent to the closed 
point of Sm by Theorem 2.7.2(ii). □ 

4. Inseparable local uniformization 

We prove Theorem 1.2 in §4. Strictly speaking, we deduce the Theorem from 

the (relatively easy) case of Abhyankar valuation, which will be proved in a much 
stronger form in §5.2. Our formulation and proof of the latter result involve loga- 
rithmic geometry, so, for expository reasons, we prefer to postpone dealing with it 

until §5 (no circular reasoning occurs here). We will establish the height one case 
of the Theorem in §4.1 and will conclude the proof by induction on height in §4.2. 

4.1. Height one case. We will prove Theorem 1.2 by induction of the transcen- 
dence degree. However, to make the induction to work we have to prove a more 

general statement (see Remark 4.1.2 below). Note also that the case of n = 1 
covers our needs, but we formulate even a slightly more general statement because 
the proof is essentially the same. 

Theorem 4.1.1. Let k he a trivially valued field, K he a finitely generated valued 
k-field of height smaller than two, X be an affine k-model of K and Ki, . . . , Kn 
be finite valued K -fields. We assume that either n = 1 or Ej^/f^ < 1. Then there 
exists finite purely inseparable extensions l/k and L/IK and an affine model X' of 

K° such that X' refines X and for each i the unique extension of K° to Li = LKi 

is centered on a simple l-smooth point Xi € AfrL.{X'). 

Proof. Note that the case of valued fields of height zero reduces to the classical 
theorem on existence of separable transcendence basis, so we can assume that K 
and all KiS are of height one. 

Step 0. A general setup. Our proof runs by induction on the defect rank Dj^/^. 
of K over k. The induction base f^/^ = corresponds to the case of Abhyankar 
valuations, which will be established in §5.2. Actually, the case of n = 1 is a 
particular case of Theorem 5.2.5, and the case of an Abhyankar valuation v with 
^K/k = 1 is obvious. Indeed, in the latter case v is divisorial and hence one can 
choose any X' so that ly is centered on a codimension one point of X' (any fine 
enough X' will do) and then take I so that the extensions k{xi)/l are separable 
(any large enough I will do). Thus, in the sequel we assume that D = Dj^/i. > 
and the Theorem is proved for smaller D's. 

It suffices to prove the Theorem for any affine model of K° which is finer than 
X, so we will replace X with its refinement few times during the proof. Note also 
that if F/K is a finite piuely inseparable extension then X' = Mrp{X) is an affine 
model of F° and for any its normal affine refinement Y' = Spec(_B) the scheme 
Y = Spec{B n K) is an affine refinement of X satisfying J\frF{Y)^Y' (use that 
bp" C i? n for a large n). It follows that it suffices to prove the Theorem for F, 
X' and FKiS instead of the original K, X and i^^'s, i.e. we can replace the field 
K with its finite purely inseparable extensions and update X and KiS accordingly 
during the proof. 

Step 1. Fiber X by curves and apply Theorem 3.3.1. Since D^/k > 0, it follows 
from Remark 2.1.2 that there exists a valued subfield k ^ K containing k and such 
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that tr.deg.j{K) = 1 and K/k is essentially immediate; in particular, -D^/^ = D — 1. 

Choose an affine fc-model Y of k and refine X so that the embedding k ^ K 

induces a morphism X ^ Y. Set S = Speech: ) and rj — Spec(A:), and consider 
C = Mvk {X Xy S), which is an integral scheme of normalized finite presentation 
over S and with K^k{C). The morphism Spec(X°) X factors through C 
because k is centered on Y, and so Theorem 3.3.1 applies to C, Ki/K and S. 
Thus, we can find towers rrii/l/k of finite extensions of valued fields with separable 
TOi/I and purely inseparable l/k and a refinement fc'-C'^Coi affine normalized 
5- models of K° such that the center Zi of JKi on d := J\fr-ij^.{C') is smooth- 
cqiuvalent to the closed point Si of Si := Spec(m°). The situation is illustrated 
by the following commutative diagram, where Sj = Spec(I ) and the dotted arrow 
symbolizes that the points are smooth-equivalent. 

Zi >Ci ^c'^^C (1) 

sxn 

Si ^Si 

Step 2. Refine X and Y and extend K so that the following conditions are 
satisfied in diagram (1): the rj-fiber of X is geometrically normal, fc is an iden- 
tity and I = k. Since C = Spec(A) where A is the normalization of a subring 
k [/i, . . . , /„] C K°, wc can use /^'s to define an affine refinement X' ^ X such 
that C" = AfrK{X' Xy S). Refining X in this way, we achieve that C'^C. 
Next, we extend the field K by replacing it with L := IK. Then X is replaced 
with Xl '■— AfrL{X) and wc can just replace Y and C with Yj := J\frj{Y) and 
NrL{Xi Xyi Sj)^N'rL{C). At this stage the above diagram simplifies as follows 

Zi ^Ci (2) 

siri 

/ 

Si ^Si 

where Cj := J\frKi{C). Finally, we can achieve that Cfj = X^j is geometrically 

normal by an additional purely inseparable extending of k (choose a finite purely 
inseparable extension J/k such that Nr{XTj is geometrically normal, replace 
K with IK, etc.). 

Note that C = Afrx (Xxy S)^N'rri(X xyS) because Xjj is normal, and similarly 
Cf^AfrrfiXi xyS) where Xi = NrxX^)- Set also Fj = Nrrni{Y). Actually, it will 
be equivalent in the sequel to perform either normalization or rj-normalization, and 
we prefer to switch to the language of ^-normalizations. Now, diagram 2 is obtained 
by the ry-normalized base change with respect to the morphism S ^ Y from the 
following diagram, where Xi and y, are the centers of K° and mj, respectively, and 
no smooth-equivalence is established so far 

Xi ^ Xi ^ X (3) 

Vi ^ Yi > Y 






40 



MICHAEL TEMKIN 



Step 3. Refine Y and replace the other entries of diagram 3 with the rj -normalized 
base changes so that Xi and jji become smooth-equivalent. In the sequel, it will be 
convenient to refine Y as described below. Let {YajaeA be the projective fam- 
ily of all affine refinements of Y (i.e. they are fc- models oi k ). This family is 
filtered and S^proj lim^ Y^. Note that ■— NrjjiX Xy Y^) is a normalized 
fc-model of K° which refines X and satisfies Afrjf{Xa Xy^ S)'^C (in particular, 
such refining has no impact on diagram 2). Thus, we can freely refine Y by re- 
placing y, X, Yi and Xi with Ya, X„, Xi^^ '■= MrKi{Xa)-^Mrrj{Xi Xy Ya) and 
Yi.a '■= J^f'rni(Yy^Mrrj{Yi Xy Ya) , respectively. Note that Ci is the projective 
limit of Xi^aS by Proposition 2.2.8(i) and similarly J\frfn(S) is the projective limit 
of Yi^a's. Recall that Si is open in AfrmiS) (this is even true for any valuation 
ring of finite height). Finally, let € Xi,a and yi,a G Yi.a be the centers of 
Ki and m^, respectively. Obviously, they are the images of Zi and Sj, respectively, 
hence by Lemma 2.7.4 there exists a such that the points Xi^a and yi^a are smooth- 
equivalent over Ya for each 1 < z < n. Refining everything with respect to the 
morphism Ya ^ Y ^nb finish the Step. 

Remeirk 4.1.2. Now, each Ki is centered on a point which does not have to be 
smooth yet, but is at least smooth-equivalent to the point yi living in a smaller 
dimension. Naturally, we have to invoke the induction hypothesis at this stage. We 
will smoothen yi by an additional refinement, but we have to refine Y rather then 
Yi. This explains why we could not prove Theorem 1.2 in its original form and had 
to strengthen its assertion in Theorem 4.1.1. 

Step 4. Smoothen the points yi by an additional refining of Y and a purely 
inseparable extension of k. 

Since Dj^f, = D — 1, the induction assumption applies to the scheme Y and 

the valued fc-fields m,. So. there exists an affine refinement, which without loss 
of generality can be denoted Ya — > Y, and finite purely inseparable extensions 
of valued fields l/k and I /Ik such that for each i the center of the valued field 
Irfii on J\frj— (Ya) is ^-smooth. Refining Y we can assume that Y = Ya, since 
we have already seen that such operation preserves everything in the construction 
of diagram 3 (smooth-equivalence is preserved because ^-normalized base changes 
preserve smoothness by Lemma 2.2.9(iv)). Next, we extend k as follows: replace 
k, rf%i, K, Ki with I, IWii, IK, IKi, respectively; replace Y, Yi, X, Xi with their 
normalizations in these fields, respectively; and update Xi and yi, accordingly. Then 
(the new) yi is l-smooth by the construction and Xi is still smooth-equivalent to yi 
by Lemma 2.7.5 (we can take Y for the base scheme S in the Lemma). Thus, we 
achieve that the center of each Ki on Xi is i-smooth, and the Theorem is proved. 
(Note that the "last Ki" is of the form LKi for a purely inseparable extension 
L/K accumulated in the process of proof, and similarly for the "last X'' , which 
accumulated refinements of the original X and extensions of i^.) □ 

4.2. Induction on height. In this section, we prove Theorem 1.2 for valued fields 
of any (automatically finite) height. Our proof runs by induction on the height h of 
K°. Since the case of /i < 1 was established earlier, we should establish the step of 
the induction. So, we assume that the statement of the Theorem holds true for K's 
of smaller height. Let F° be the localization of K° whose height is /i — 1, then by F 
we denote the valued field {K, F°) {so K = F as abstract fields). The image of K° 
in F is a valuation ring. We denote it by F°, and provide F with the corresponding 
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valuation. Notice that the valued field F is of height 1, and the valuation on K is 
composed from the valuations on F and F in the sense that the preimage of F° in 
F° coincides with K°. 

Step 0. Extending K and refining X . Obviously, it suffices to prove Theorem 1.2 
for any model X' of K° . In particular, we will freely replace X with finer models 
of K° throughout the argument. More generally, wc can safely replace fc, K and X 
with I, L and X', where l/k and L/IK are finite and purely inseparable and X' is 
a model of L° that refines J\frL{X'). This is shown exactly as in Step from the 
proof of Theorem 4.1.1. 

Step 1. Reduction to the case when X is normal and there exists a morphism 
g : X ^ Y with an integral affine k-variety Y such that F° is centered on a simple 
smooth closed point x of the generic fiber Xn ■ Choose a subset h — {hi, . . . ,bd\ d F° 
such that d = tr.deg.j,(F) and 6 is a transcendence basis of F over k. It then follows 
that F° contains a subfield k = k{b) (and hence F induces a trivial valuation on 
k). Provide k with the valuation induced from K and choose Y to be any afhne 
fc-model of k . Then it is easy to see that there exists a refinement X' — >• X of 
afRne fc-models of K° such that the embedding i : k ^ K induces a morphism 
f : X' ^ Y. Thus, refining X we can assume that i induces a morphism X -^Y. 

Let X be the center of F°. Since k{x) C F and F is algebraic over k, we have 
that a; is a closed point of X^. Note that any refinement X^ X^j of afEne k- 
models of F° can be extended to a refinement X' X oi affine fc-models of K° 
and the induction assumption applies to the fc-variety X^, and the valued field F. In 
particular, there exists finite purely inseparable extensions l/k and L/JK such that 
the valuation ring A/'rL(i^°) (which is the only extension of F° to L) is centered on a 
closed simple I-smooth point xl E AfrL(Xrj). The latter variety is the generic fiber 
of the projection MrL{X) — )■ Mrj{Y) and by Step 0, it suffices to prove Theorem 
1.2 for L and J\frL{X) instead of X and K. So, we simply replace k, K, X and Y 
with I, L, NrL{X) and NrjiY), and the conditions of Step 1 are now satisfied. 

So, far we copied Step and the fibration part of Step 1 from the proof of 
Theorem 4.1.1. The remaining argument is also similar to §4.1, though a reference 
to Lemma 3.3.2 will be used instead of the reference to Theorem 3.3.1. 

Step 2. The Theorem holds true if the condition of Step 1 is satisfied. The field 
m := k{x) embeds into F because F is centered on x, hence the valuation on F 
induces a height one vahiation on m, which agrees on fc C to with the valuation 
induced by the embedding k ^ K. In the sequel, we regard m and k as valued 
fields. Note that k is centered on Y (and its center is the image of the center 
of K on X). Set S = Spcc(A: ), r] = Spcc(fc) ^ S and Sm = Spcc(m°), then 
Xs = NrK{X Xy S) is an integral scheme of normalized finite presentation over 
S and its jy-fiber is isomorphic to Xrj (we use that Xn is normal because X is 
so). Furthermore, the morphism Spec{K°) — >■ X obviously factors through Xs, 
and we obtain, in particular, a morphism from the closed subschcmc Spcc(_F°) '->■ 
Spec{K°) to Xs- The image of the generic point of Spec(i^°) coincides with the 
image of the closed point of Spec(F°). Hence this point is x and the morphism 
Spec(i^°) Xs factors through S^- In particular, S and the induced S'-morphism 
i : Sm — > Xs satisfy the condition of Lemma 3.3.2. Applying the Lemma we find 
an affine morphism fs : X'g Xs such that fs induces an isomorphism of the 
//-fibers, i lifts to a morphism i' : Sm X'g and the image Zs of the closed point 
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of Sm under i' is smooth-equivalent to the closed point of S^- Note that zs is the 
center of K° on X'g because K° is composed from F° and F°, F° is centered on x 
and F° cuts off m° from to. 

Now, the argument from Step 2 in §4.1 shows that there exists an affine refine- 
ment X' ^ X which induces fs in the sense that X'g^MrK{X' XyS). So, refining 
X wc can achieve that X'g'^Xs (thus eliminating X'g and fg from the picture). 
Following the argument from Step 3 in §4.1, we deduce from Lemma 2.7.4 that 
refining Y via Y' ^ Y and updating X as J\frn{Y' Xy X) we can achieve that K° 
is centered on a point z G X which is smooth-equivalent to the center jjjn of m° 
on Yjn := MrmiY). By Theorem 4.1.1 applied to Y, k and to° (instead of X, 
K and K■^ in the formulation of Theorem 4.1.1), we find finite purely inseparable 
extensions l/k and I /Ik and a refinement Y-L. — >■ J\frj—iY) such that the valued 
field Irn (which is the valued extension of m) is centered on an ^-smooth point of 
Y-^. Then we perform the last update of our data by replacing k, k, rn, K, Y, 
Y^ and X with I, I, Ito, IK, Afrj{Y), Y^ and 7Vrj^(X), respectively. After this 
update, to is centered on l-smooth point ym € Ym and it also follows from Lemma 
2.7.5 that the center of 2; G X of K° is smooth-equivalent to ym- So, the center 
ii" on X is /-smooth, and this establishes induction on height in the proof of The- 
orem 1.2. (Clearly, the "last K" is a purely inseparable extension of the original 
K accumulated during of proof, and similarly for the "last X" , which accumulated 
refinements of the original X and extensions of K). 

5. Simultaneous local log uniformization 

To finish the proof of Theorems 1.2 and 4.1.1 we have yet to prove Theorem 4.1.1 
for Abhyankar valuations. We have been postponing that proof until this section 
because the proof involves logarithmic geometry. Actually, we will prove Theo- 
rem 5.2.5, which is much stronger than the Abhyankar case of Theorem 4.1.1. In 
particular, it establishes local uniformization over a perfect base field (no insepara- 
ble alteration is required), and it treats finitely many valued fields simultaneously, 
though one has to weaken smoothness to log smoothness due to a well known Ab- 
hyankar example. 

5.1. Log smoothness and log isogenies. Basics of toroidal geometry can be 

found in [KKMS]. For our applications to simultaneous local log uniformization 
(or simultaneous local toroidalization) we have to consider certain morphisms of 
toroidal embeddings, which do not have to be toroidal morphisms though they are 
"rather compatible" with the toroidal structure. It is more convenient to switch to 
logarithmic language, in which we will call such morphisms log isogenies, though 
in principle one could do the same work using toroidal language only. We refer to 
[K] or [Ka] for basics of logarithmic geometry. Actually, we will work only with 
log structures induced from toroidal embeddings. We remark also that some basic 
notation and results concerning monoids are collected in §A.l. 

Let X he a. normal scheme of finite type over a field k and let D ^ X be 
a divisor with complement j : U ^ X. It is well known (see [K, 3.7]) that j 
is a toroidal embedding (i.e. etale-locally on X it is isomorphic to embedding of 
open toric orbit into a toric variety) if and only if the log scheme (X, M(logD)) is 
log smooth over the scheme Spec(A;) provided with the trivial log structure, where 
M(logi:») := j^O^ nOx ^ Ox is the log structure induced by D. To simplify 
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notation we will say that a pair {X, D) is log smooth at a point x E X ii locally at 
X the log scheme induced by D is log smooth. 

Example 5.1.1. To a toric monoid P (recall that P is a finitely generated integral 
saturated monoid without torsion, and more details can be found in the appendix) 
we associate a toric chart Ap := Spcc(A:[P]) which is a toric variety (in particular, 
it is normal): the torus Spcc(/;;[psp]) acts on Ap and the embedding k[P] ^ A;[P^p] 
corresponds to an open immersion j : Spec(k[P^^]) ^ Ap. The image of j is the 
only open orbit of the action and its compliment is a toric divisor Dp. Note also 
that / := P \ P^ is the maximal ideal of P and k[I] is a prime ideal of k[P] 
giving rise to a closed subset C Ap contained in Dp. Actually, Vp is the only 
closed orbit of the torus action and we will call it the center of the chart. The pair 
(Ap, Dp) is log smooth at any point oi Dp and for the corresponding log structure 
M = M (log Dp) the monoids for a: € Ap are quotients of P, and P^M^ if 
and only if x G Vp . 

Lemma 5.1.2. Let X be a normal scheme of finite type over a field k with a divisor 
D ^ X and a point x € X. Then the pair {X,D) is log smooth at x if and only 
if etale-locally it is isomorphic to etale localizaiion of a pair (Ap,Dp) at a point 
xp e Vp for a toric monoid P. Any such P is unique up to an isomorphism and 
P is unique up to unique isomorphism. 

Proof. Everything except uniqueness of P follows from [K, 3.7]. To prove unique- 
ness we notice that P = P/P^ is naturally isomorphic to Mx = Mx/M^ for 
M = M(logD), so P does not depend on the choice of the chart. Since P^P © L 
for a lattice L (see the appendix) and the rank of L is fixed since dimx{X) = 
rk(PSP) = rk(L) + rk(P*''), P is unique up to a non-canonical isomorphism. □ 

In the sequel, when we consider a log smooth pair we automatically assume that 
the ambient scheme is normal. By monoidal chart of a log smooth pair {X, D) 
at a point x we mean an embedding P O^x x (where O^^ denotes the strict 
henselization of a local ring O) which induces an etale morphism (C/, D XxU) ^ 
(Ap, Dp) where t/ is a sufficiently small etale neighborhood of x. The above Lemma 
implies that such charts exist and P is unique (up to a non-unique isomorphism). 
Let, furthermore, / : (Y, E) — > (X, D) be a morphism of log smooth pairs such that 
E is the full preimage of D. For a point y with x = f{y) we say that / is a 
log isogeny at y if it induces an isogeny / : M- My (see appendix) and there 
exist monoidal charts P ^ O^xx ^^'^ Q ^ ^y^v such that the homomorphism 
fy : O^x X ^ ^Y^y induces an isomorphism P^^Q^ . By rank of / at y we mean 
the rank of /. (Beware that / does not have to be flat at y. For example, consider 
the standard orbifold quotient Spec{k[x,y]) Spec{k[x'^,xy,y'^]) with the obvious 
toric log structures given by monic monomials.) 

Remark 5.1.3. It is natural to say that / is toroidal at y if one can choose the 
charts so that fy induces an isogeny P Q because in this case etale-locally / 
is induced from a toric morphism of charts. If the rank of / at y is prime to 

p = char(fc) then / is toroidal and log smooth at y. However, if the rank is divided 
by p then a log isogeny is always not log smooth and usually it is not toroidal cither. 

5.2. Simultaneous log uniformization of Abhyankar valuations. Let K be 

an Abhyankar field over a trivially valued ground field k. Note that A := \K^\ is 
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a (multiplicative) lattice as an abstract group, and A := |if°\{0}| is a valuation 
monoid in A (as defined in the appendix). It is well known (see Theorem A. 2.1) 
that A is a filtered union of its free submonoids; in particular, those arc cofinal 
in the family of toric submonoids of A°. In the sequel, the words "for sufficiently 
large toric monoid M c A° ..." will often be used instead of a more pedantic 
formulation " there exists toric monoid Mq C A° such that for any toric monoid M 
with Mo C M C A° 

To an Abhyankar transcendence basis B = Be U Bp oi K we will associate 

a few objects as follows. Let Kb denote the subfield k{B) C K provided with 
the induced valuation. Note that the valued subfield k{Bp) C Kb is trivially 
valued because the set is algebraically independent over k. The valuation group 
Ab '■= \Kg\ is a sublattice of A generated by \Be\, and we also define to be 
the free multiplicative group generated hy Bp and set Ab = Pb © A^. There is an 
obvious injection ib ■ Ab ^ K^ , and if B is fixed usually we will simply identify 
Ab with a subgroup oi K^ . 

Next portion of notation will be associated with a toric monoid M C A such that 
M^^ = A. Note that M cuts off a toric monoid Mb = Mn Ab from the lattice Ab. 
We set Mb ~ Pb ® Mb and define a toric chart jj = Spcc{k[MB]) with the 
toric divisor and the center Vg jj as in example 5.1.1. In addition, let rjg 

denote the generic point of Vg jj and Og jj be its local ring. Note that though the 
chart depends only on the monoid Mb wc prefer to keep track in the notation for 
the initial dependency on B and M. The chart jj gives rise to an affine model 
M A/'rx(A^ jj) of K, and let Eg ^ Xg denote the preimage of Dg jj. 

Lemma 5.2.1. The local ring Og jj equals to the localization of the ring k{Bp)[M b] 
along the ideal generated by Mb- The following conditions on B and M are equiv- 
alent: 

(i) K° is centered on X^jj; 
(a) Kg is centered on Ag j^; 
(Hi) Kg is centered on ??b m/ 
(iv) M c A°. 

Proof. Equivalence of (i) and (ii) is obvious. By its definition, rjg corresponds to 
the ideal / := MBk[MB]- Hence the claim of the Lemma about Cb m obvious, 
and Kg is centered on r] if and only if K"^ n k[MB] = I- If the condition of (iv) 
is violated, say m € M \ A , then some positive power m" is in Mb \ A , hence 
m e A:[Mb] and m ^ K°. So, Kb is not centered on j;^, and we proved that (ii) 
implies (iv). The implication (iii)=^(ii) is obvious, so it remains to show that (iv) 
implies (iii). Assume that M c A . Then any m ^ 1 from M belongs to K°°, so 
it remains to recall that the valuation on A;[P^] C k{Bp) is trivial to deduce that 
K°g° n k[MB\ =1. □ 

For any toric monoid M C A°, let jg- G -^bH ^^'^ center of K° (which 
exists by part (ii) the Lemma) and Ag be the local ring oi Xgj;f. Note also that 
rig is the image of Xg in by part (iii) of the Lemma. We will see that the 

pair {Xg jj, Eg -jj) can be made log smooth (or toroidal) at Xg jj by appropriate 
choice of B and M. Actually, we will see in Proposition 5.2.3 that the local structure 
of Xg M Sit Xgjj is essentially independent of B (for sufficiently large M's in A ), 
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SO log uniformization is obtained by fixing B and then choosing a sufhciently large 
M. To simplify notation we will often suppress B from the notation when it is clear 
from the context what B is, e.g. we will simply write Xjj = Xg -p-, xjj = Xg jj, 

etc., though the dependency on B and M will be assumed. Later on we will have 
to consider simultaneously another Abhyankar basis B' = B'^ U B'^ and then we 
will use notation AL^, O'jj, etc., to denote the objects depending on M and B' . 

Lemma 5.2.2. For a fixed Abhyankar basis B the equalities K'^ = ^jjca'^W '^'^'^ 
K° = ^jfQ-x°AjY hold, where M runs through all toric monoids in A°. 

Proof. We know that each Oj^ is contained in by Lemma 5.2.1(ii). On the other 
hand, each element of Kb can be represented as a/b for a = aimi + • • • + akfUk 
and b = bitii + • • • + 6;n/, where ai,bj G k{Bp) and mi,nj G As- Notice that 
the valuations of a and b are equal to the maximum value of the valuation on the 
corresponding monomials, for example, \a\ = max^ \mi\ because \ai\ = 1 and the real 
numbers \mi\ are all different. Multiply a and b by an appropriate m G Ab so that 
|6| = 1; then renumbering the indexes we achieve that ni = 1 and bi ^ 0. Assuming 
now that ajb is an arbitrary element of K'^, we obtain that \a\ < |&| < 1 and hence 
all TOi's and rij's lie in A . Choosing a toric monoid M C A which contains all 
mi's and n^'s, we obtain that a G k{Bp)\MB\ and 6 G &i + MBk[BF)\MB\- So, 
a/& G Ojg- by the first part of Lemma 5.2.1, hence is contained in the union of 
all Ojj^ and the first equality is established. 

Let Y-j^ C Pa: and Y-j^ C Pfc(ij) be the birational fibers of A-^ and Oj^, re- 
spectively. Then Y-j^ is a connected component of the preimage of Y-^ in P/f 
by Corollary 2.3.3. The union of O-jy's is K°q, hence H-p-l^w i'' the single point 
? G Pfe(B) corresponding to K°q. We claim that since the fiber over ^ in Vk is a 
discrete finite set, it follows that H^p-l^ = {y} is a single point of V k- Indeed, if 
y = yi , . . . , j:„ are the preimages of y then neither of them is a specialization of the 
other, hence there exist disjoint closed constructible sets Xi C Vk with y,; G X,. It 
now follows from compactness of the constructible topologies on P^ and Pfe(B) that 
the constructible neighborhood UX^ of the fiber {yi, . . . ,y„} contains the preimage 
of Yjj for sufficiently large M. Returning back to Zariski topology, in which Yj^ 
is connected, we obtain that Y-j^ C %\ for such M. In particular, Yj^ does not 
contain yj with i > 1, and we obtain that the intersection of all l]\j's is just y. 
Clearly, p is the point corresponding to K° because K° is centered on all rings A-j^ 
by their very definition. So, K° is the only valuation ring centered on all points x-p-, 
hence K° = U^g-A^g- (we use here that Aj^'s are normal rings, so their union is nor- 
mal, hence it has to coincide with the intersection of all valuation rings containing 
it.) □ 

Proposition 5.2.3. Let B and B' be two Abhyankar bases. Then for any suffi- 
ciently large toric monoid M C A the local rings Ajj and A^ in K coincide, and 
for any m G M n Ab r\ Ab' one has that iBim) = uiB'{m) for a unit u G A^. In 
particular, the divisors on Spec(j4jg-) induced from Ej^ and coincide. 

Proof. We borrow some notation from the proof of the previous Lemma. Let y 
be the point corresponding to K°, y = yi, . . . ,y„ be its fiber over Pk{B), U G 
be disjoint constructible sets, and N C A be such that the preimage of Y-^ in 
Pk is contained in UXj. Note that the same is true for any larger toric monoid 
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M c A , and in the sequel choosing M we automatically assume that iV c M. 
By Lemma 2.3.1, the normal local rings Ajj and A'— coincide if and only if their 
birational fibers Y-j^ and Y-L-j. coincide. Note that Yjj is a connected component 
of Zjj := V K{k{Bp)}{{iB{M b)}}, and similarly is a connected component 
of := V K{k{B'p)}{{iB'{M b')}}- Any connected component of Zjj contains a 
point fj, so it is contained in Xi, and we obtain that ZjjC\ Xi = Yjj. Similarly one 
can find a constructible X'l such that Z4-r H Xn = Y4-r, and then 5*0 Xi n X'l is a 

J- M J- M' u J- i 

constructible set containing r and such that ZL^r\Sr) C Y-Lr and ZL^C\Sn C i^. Note 
that for any constructible set S containing j: we have that Yjj C S for any sufficiently 
large M : use that rYjj = {y} by Lemma 5.2.2, each Yj^ is pro-constructiblc and the 
constructible topology is compact. So, for any constructible set S C So we obtain 
that Yjj^ = Z-j^nS = S{k{BF)}{{iB(M b)}} for any sufficiently large M. Arguing 
similarly for Y-^ wc obtain that it is enough to find a constructible set S C So 

containing p and such that S{k{BF)}{{iB(M b)}} = S{k{B'p)}{{iB'(MB')}} for 
any M C A°. 

Wc will see that one can deal separately with strict and non-strict inequalities 
defining Yj^. First, we are going to find a constructible set Si C 5*0 such that G Si 
and S'i{{2b(Ms)}} = Si{{iB'(MB')}}. The monoid N = Mb HMb' coincides 
with M n Ab n Ab' hence it is isogeneous to both Mb and Mb' ■ Since Si{{f}} = 
Siilf"}}, it suffices to find Si with Si{{iB{N)}} = Si{{iB'{N)}}. We claim that 
there exists 5*1 such that even a stronger condition that [^^(n) — iB'in)\ < 
for any n € Ab r\ Ab' is satisfied on 5*1 (then Si{{iB{n)}} = Si{{iB'{n)}} for any 
n e Ab n Ab')- Note that if |/ - 7| < |/| and \g-g\< \g\ for some f,gj,ge K"" 
then 

i/V-/ri<i/'5"i (4) 

for any pair of integers {l,n) (it suffices to check the cases of (1,1) and (—1,0) 
which are checked straightforwardly). So, we can just pick up any basis ai, . . . , ob 
of Ab n Ab' and define Si in So by the conditions \iB'{aj)/iB{aj)\ = 1 (obviously, 
these conditions is satisfied at y), and then liBin) — iB'{n)\ < \iB{n)\ for any 
n S Ab n Ab'. Note also that for any n e N one has iB{n) = uiB'{n) where \u\ = 1 
on 5*1. In particular, if Y— C 5*1 then iB{n) = uiB'{n) for u G 

Set E = k{BF) and E' = k{B'p), then wc have to find a constructible set 5*2 C So 
such that y e 5*2 and S2{E} = S2{E'}. As soon as we estabhsh existence of such ^2 
we are done, since the set S* = 5*1 H ^2 is then as required. It will be convenient to 
prove a slightly more general claim that such an ^2 exists whenever E and E' are 
fc-subfields of K° of transcendence degree Fx/k- The reduction K° — )• K induces 
an isomorphism of C K° onto the field E C K and similarly for E' . Wc first 
consider a particular case when K is algebraic over the field L := E f) E'; then 
the argument is similar to the argument on existence of Si. Let L and L' be the 
preimages of i in i? and £", rcispcictivcly. and let j : L^L and j' : L^L' be the 
isomorphisms that invert the reduction. Since E is integral over L, a valuation ring 
in K contains L if and only if it contains E, in particular, S2{E} — S2{L} for any 
set ^2 C So, and similarly S2{E'} = S2{L'}. Thus, our task reduces to finding a 
constructible set 5*2 with S2{L} = S2{L'}, and we claim that ii L = fc(ci, . . . ,c;) 
then the latter is achieved by choosing any S2 such that \j{ci) — j'{ci)\ < 1 on 

^2 for 1 < i < Z (note that \j{ci) — i(c9| < 1 at y because j{ci) = Ci = j{c^) ). 
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Indeed, applying inequality 4 one easily obtains that for any x ^ L the inequality 
\j{x) — j{x')\ < \x\ holds on 52, in particular, S2{j{x)} = S2{j{x')}. 

Finally, let us drop our assumption ox\ E E' . Let L and L' be the separable 
closures of E and E' in K. If the isomorphisms j : E^E and j' : E'^E' inverting 
the reductions extend to isomorphisms L^L and L'^L' onto fc-subfields of K° then 
^2 exists by the previous paragraph. Indeed, S2{L} = S2{E} and S2{L'} = S2{E'} 
because L (resp. L') is integral over E (resp. E'), but the previous paragraph 
implies that S2{L} = S2{L'} because K is purely inseparable over L and L', 
hence L n L' contains Rp for large n and K is algebraic over L (1 L'. A lifting 
L K° which extends the embedding E^E K° is always possible after a 
strictly etale extension of K°. To show this fix an extension L/E of trivially valued 
fields which is isomorphic to L/E and consider the composite extension of valued 
fields F = LK . Then F° is strictly etale over K° and obviously L ^ F°. Enlarging 
F again, we can assume in addition that there is an embedding L' > F° which 
hfts L' ^ K = F. Let t) e Pf be the point corresponding to F° . We know that 
there exists a constructible set C Pf such that t) € and S-i{E^ = S^IE'}, so 
we have only to "push down" this equality to Pk- 

The etale morphism Spec(i^°) Spec{K°) is induced from an etale morphism 
/ : Z y of schemes of finite type over Z by [EGA, IV4, 17.7.8] (just take 
Y = Spec(^) for a sufficiently large subalgebra A — Z[/i,...,/„] C K°). Let 
y G Y and z G Z he the center of K° and F°, respectively, then y = f{z) and 
enlarging A further if necessarily, we can achieve in addition that / is strictly etale 
at z. Let Z^" and Yy" denote the birational fibers over z and y in Pf and P_r-, 
respectively, then the map Pf — Pk induces a bijection Z^"' : Z^""^!^"'. Since Z 
is of finite type over Z, the birational fiber Z^"' is constructible. Therefore, we can 
replace with a smaller set n Z^" , and then S2 ■= fz^i'^a) is a constructible 
set in Pk- To finish the proof we have now to check that S2{E} = S2{E'}, but 
this is obvious since the prcimages of S2{E} and S2{E'} under the bijection f^" 
arc SslE} and S^lE'} and the latter sets coincide. □ 

Theorem 5.2.4. Assume that K is an Ahhyankar valued field over a trivially 
valued field k, K is separable over k and B is an Ahhyankar transcendence basis 
of K over k, and keep other notation of %5.2. Then there exists a toric monoid 
Mq c a such thai for any toric monoid M with Mq C M C A the following 
conditions are satisfied: 

(i) the pair [X^ ^g, E^ jg) is log smooth at x^ jj; 

(ii) if Bp is a separable transcendence basis of K over k then the projection 
/b,m '■ (^b.M'^b.m) ^ {^bm'^b,m) is a log isogeny at Xgjj; 

(Hi) if Bp is a separable transcendence basis of K and \Be\ is a basis of\K^\ 
then fgjj is etale at x^jj. In particular, {-^bm'^bJi) ^ toric chart of 

Proof We start with (iii). In this case, the extension K/Kg is unramificd because 
Kb is stable by Remark 2.1.3, \Kg \ = \ and K is separable over k{Bp) = Kb- 
Since K'^ is the union of the rings Oj^ by Lemma 5.2.2 and K° is etale over 
K%, [EGA, IV4, 17.7.8] implies that the etale morphism Spec(i^°) Spcc(if^) 
is induced from an etale morphism F — >• Z := Spec(C'jg-) for sufficiently large M. 
Clearly, we can assume that Y is irreducible, and then it is Z-isomorphic to an open 
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subschemc of NoTKiZ) (wc use that Z and, hence, Y is normal). Therefore, the 
localization of Y at the center of K° is Z-isomorphic to Spcc{A-jj); in particular, 
the morphism Spec(Ajg-) — >• Spec(C'-jg-) is essentially etale. Since Ajj and Ojj are 
the local rings of xj^ and its image rjj^, we obtain that fj^ is etale at xj^. This 
finishes the proof of (iii). To prove (i) we choose a basis B' as in (iii) (this is possible 
because K is separable over k and hence admits a separable transcendence basis), 
then by Proposition 5.2.3 the pairs {X^ jj, Eg j^) and {X^, jj, Eg, jj) are locally 
isomorphic at points x^ and Xg, for sufficiently large M's. The second pair is 
log smooth at Xg, jj by (iii), hence wc obtain (i). 

Finally, let us assume that B satisfies the condition of (ii) and choose a basis B'^ 
of A. Then B' = Bp U B'^ satisfies the conditions of (iii), hence ib' ■ Mb' ^ K 
gives rise to a monoidal chart Mb' A'j^ of (Xg jj, Eg jj) at Xg jj for sufficiently 
large M (wc use again that locally at Xg the pair is essentially independent of 
B). On the other hand, the embedding Mb ^ Kb is the canonical monoidal chart 
of Xg jj. Since both Mg, and Mg are the lattices freely generated by the image 
of Bp = B'p, the embedding Kb ^ K takes isiMg) to iB'{Mg,). Since M^/ is 
obviously isogeneous to Ms (and both are isogeneous to M), we obtain that f-jj is 
a log isogcny at x-jj. □ 

We are now in a position to prove simultaneous log uniformization for Abhyankar 
valuations. Assume that fc is a trivially valued field, K is an Abhyankar valued k- 
field, X is an affine fc-model of K° ^ x d X \s the center of K° , and Ki, . . . , K^ 
are finite valued iT-fields. For an affine refinement f : X' ^ X let x' & X' 
denote the center of K°. Given, furthermore, a finite purely inseparable extension 
L/K we provide each field Li := LKi with the valuation extending that of if, set 
Xi = MrLi{X') and define Xi S Xi as the center of L° on Xi. Finally, E' will 
denote a divisor on X' and then Ei will be the preimages of E' under the finite 
projections fi : Xi ^ X' . 

Theorem 5.2.5. Let k, K , X and Ki, . . . ,Kn be as above. 

(i) There exists purely inseparable extensions I / k andL/lK, an affine refinement 
X' ^ X and a divisor E' c X' such that the pairs {Xi,Ei) and {X',E') are log 

smooth at Xi and x, respectively, and each projection fi is a log isogeny at Xi. In 
addition, one can achieve that all Xi 's are of simplicial shape and xi is a simple 
I -smooth point. 

(ii) Under the constraint L = IK (in particular, if k is perfect then L = K), one 
can still achieve all properties listed in (i) with the only exception that fi does not 
have to be a log isogeny for each 1 < i < n such that the extension Ki/K is not 
separable; 

(iii) If each Ki is separable over k then the claims of (i) and (ii) hold true for 
l = k. 

Note that it is well known that one cannot expect all Xi's to be smooth even when 
X is a surface, n = 2 and K = Ki. A counterexample was given by Abhyankar in 
[Abh]. 

Proof. Wc will need the following two results whose proof will be given later: (a) 
there exists a finite purely inseparable extension l/k such that all fields IKi are 
separable over I (note that in the situation of (iii) we can just take I = k), (b) 
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there exists a finite purely inseparable extension L/K such that all fields LKi 
are separable over L. Fix I as in (a), then it suffices to prove the Theorem for 
l,L = IK, Xl = NrL{X) and instead of the original k, K, X and 

Ki, . . . ,Kn (similarly to Step 1 from Theorem 3.3.1, we use that any refinement 
X'j^ — >■ Xl of normal affine Z-models of L° is the L-normalization of a refinement 
X' — >■ X of affine /j-modcls of K°). So, it suffices to prove part (iii) of the Theorem, 
and we assume in the sequel that each Ki is separable over k. By absolutely the 
same argument, taking L as in (b) reduces proving (i) to proving (ii). 

We saw that the Theorem follows from its particular case obtained by combining 
(ii) and (iii), so let us assume that the extensions Ki/k are separable. Set I = k 
and L = K, and renumber i's so that Ki/K is separable if and only if 1 < i < n'. 
Find an Abhyankar transcendence basis i? of X as in Theorem 5.2.4(iii) and set 
Kb = k{B). Notice that B is an Abhyankar basis of each Ki, hence we can apply 
5.2.4(iii) to B and K and 5.2.4(n) (resp. 5.2.4(i)) to B and Ki's with i < n' (resp. 
i > n') to find a sufficiently large toric monoid M C \K'^\ which matches B, K 
and all KiS in the sense of Theorem 5.2.4. Define X' to be the normalization of 
A = -jj in K, temporarily allowing X' to be not related to X, and let E' C X' 
be the preimage of £> = D^ jj. For this choice of X' and E' we obviously have that 
Xi = MvKi (A^ jg) and Ei is the preimage of j^, hence by the choice of M each 
projection {Xi,Ei) — >• {A,D) is a log isogeny at Xi for i < n' (in particular, the 
source is log smooth), each pair {Xi, Ei) is log smooth at Xi (including i > n') and 
the projection {X', E') — >■ {A, D) is etale at x' . It follows that /j is a log isogeny at 
Xi for each i <n' . 

Set A° = \K° \ {0}|. By Theorem A.2.1, there exists a free monoid Mi C AJ 
which contains the saturation of M in A°. Replacing M with the larger toric 
monoid Mi fl A we keep all above conditions and, in addition, achieve that M and 
its saturations in all A° are of simplicial shape and the saturation of M in AJ is 
even a free toric monoid. In particular, x\ is a regular point and, since k{xi) C Ki 
is separable over k, xi is even a simple fc-smooth point. 

It remains to achieve, in addition to all the above properties, that X' admits 
a morphism to X (compatible with the generic points). By Lemma 5.2.2 taking 
a sufficiently large M we can also achieve that the local ring A^ jj of x' contains 
any finite subset of K°. Since X = Spec(j4), where A = k[ai, . . . , a„] C K°, we 
rechoose M so that in addition to all the above properties one has that A C Ag -j^. 
Since A^jj = Ox',x' contains A, a neighborhood of x' admits a morphism to X. 
So, just shrinking X' and updating ATj's accordingly, we achieve that X' is affine, 
admits a morphism to X and satisfies all the other properties listed in the Theorem. 
We have yet to prove results (a) and (b) formulated earlier, and it is done in the 
following Theorem and its Corollary: Theorem 5.2.6 implies (a) and Corollary 5.2.7 
implies (b). □ 

Theorem 5.2.6. If K is an Abhyankar valued field over k then there exists a finite 
purely inseparable extension l/k such that for any finite purely inseparable extension 
I' /I the field I'K is separable over I'. 

Proof. Note that if K is separable over k and I' /k is purely inseparable of degree d 
then [I'K : K] < d and [Wf : > [I'K : K] = d. Since [I'K : K] > [Hi : K], ah 
inequalities are equalities and I'K = I'K. But I'K is separable over I' by separability 
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of K over k. This argument shows that it suffices only to find I such that IK is 
separable over I because then each I'K is separable over V . 

Next, we prove the Theorem under an additional assumption that K is of degree 
p over its subfield L such that L is separable over k. Let k = k^^P°° be the perfection 
of k and set K = kK and L = kL. li K = L then already for a fc-finite subfield 
I C k wc have that IK = IL, and wc have shown above that IK = IL = IL is 
separable over I. So, we have only to consider the case when [K : L] = p. Since L 
is an Abhyankar field over k, it is stable and the stability allows us to control the 
extension K / L in terms of the valuation groups and the residue fields. In particular, 
we can find an element x € K such that either \x\ ^ |-^^^|, or |a;| = 1 and x does 
not belong to the residue field of L. In the first case, we simply take a fc-finite 
subfield / C A; so that x G IK. Then \x\ belongs to but does not belong to 

\{IL)^ I, hence gik/il = P Jik/il = 1- In particular, IK = IL = IL is separable 
over I. In the second case, we find a sufficiently large fc-finite subfield I C k so that 
x G IK and lL{x) is separable over I (use that kL{x) is separable over k). Since 
[IK : IL] < p, IK must coincide with lL{x) and we are done. 

Finally, we drop our assumption on K. Anyway, K is a. finite extension of an 
Abhyankar field L with separable L (for example, take L = k{B) for an Abhyankar 
basis B of K). Since, it suffices to verify the assertion of the Theorem for any finite 
extension of K, we can enlarge K so that K/L is normal. If F is the maximal 
separable extension of L in K and L' is the fixed field of a p-Sylow subgroup 
G C Galp/L then [L' : L] is prime to p and [K : L'] = [K : F][F : L'] is a power 
of p because K/F is purely inseparable and the Galois group of F/L' is G. Since 
[L' : L] is prime to p, its divisor [L' : L] is prime to p, and we can replace L with L' 
so that L is still separable over k and [K : L] becomes a power of p. Now, we can 
split K/L to a tower of extensions L = Lq C £i C • • • C i„ = if of degree p. By 
the particular case proved above there exists a finite purely inseparable extension 
h/k such that hLi is separable over li. Applying the same argument once again, 
we find h/h such that I2L2 is separable over I2, so we can proceed inductively until 
I = In is found. □ 

Corollary 5.2.7. If K is an Abhyankar valued field over k and Li,...,L„ are 
finite valued K -fields then there exists a finite purely inseparable extension K' /K 
such that each residue field K'Li is separable over K' . 

Proof. The assertion of the Corollary is independent of A;, so we can replace it with 
a field k{Bp) C K for an Abhyankar basis B = Bp U Bp of K (recall that k{Bp) 
is trivially valued). For the new choice of k we achieve that K and Lj's are finite 
over fc, so the assertion of the Corollary follows from the Theorem: find finite and 
purely inseparable extension l/k{Bp) such that all extensions ILi/l are separable 
and set K' = IK. □ 

Appendix A. Monoids 

A.l. Toric monoids. By monoid we mean a set P with a binary operation • or + 

and a neutral clement 1 or 0, respectively. All groups and monoids are automatically 
assumed to be commutative. Usually we will work with multiplicative notation •, 1, 
but few times we will use additive notation N, Z, Q,R or (M, +). We prefer to 
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work with multiplicative notation in order to be consistent with the language of 
valuations in the paper. An interested reader can easily translate everything to 
usual additive toric geometry. 

Given a monoid P, we denote the set of its invertible elements as P^; it is the 
largest subgroup of P. Also, we use the notation P = P/P^. Any homomorphism 
from P to a group factors through a universal group which will be denoted P^p 
(the Grothendieck group of P). A monoid P is integral if there is cancellation in 
P, and the latter happens if and only if the map P — >■ P^p is injcctive. One says 
that P is fine if it is finitely generated and integral. By saturation of a monoid P 
in a larger monoid Q D P we mean the set of all elements x £ Q such that x" e P 
for a positive n, and an integral monoid P is called saturated if it coincides with its 
saturation in P^p. 

By a toric monoid P we mean a fine saturated monoid such that P^p is a lattice 
(i.e. P^P is torsion frcx;). and by dimension of P we mean the rank of P^^p. Any 
such monoid can be described as a cone in P^p, in the sense that P = P^p fl Pr, 
where Pr is the topological saturation of P in P^ := P^p (g)z R, i-e. the closure 
of the saturation of P in P^ . (Note that elements of P^p (g)z R are products of 
real powers of elements of P.) Note that Pr is a rational polyhedral cone, i.e. it 
is the intersection of finitely many rational half spaces. Furthermore, P is sharp 
(i.e. P = P, or P^ = 1) if and only if the cone is strictly convex. Wc say that 
P is of simplex shape if the saturation Pq of P in Pq is isomorphic to (Q5o> +) 
(in particular, P is sharp). Note that the latter happens if and only if Pr is a 
cone over a simplex. Any toric monoid splits non-canonically as P^ ® P^P (to 
find a section P — >■ P find a splitting P^p = P^ © L, then L is isomorphic to P^^ 
and L n P is a required copy of P in P). By isogeny of toric monoids we mean 
an embedding P ^ Q inducing an isomorphism P^^Q" and such that Q is the 
saturation of P in Q^p Then the index [Q^p : PSP] is finite and we call it the 
rank of the isogeny. Note that / : P — )■ Q is an isogeny if and only if it induces 
an isomorphism : P^^Q^ and an isogeny f : P ^ Q, though in general / 
is not isomorphic to /. Note that M is of simplex shape if and only if it is 
isogeneous to a free monoid M (i.e. M^N"). Indeed, consider the submonoid M 
in M generated by the primitive elements on the edges of the cone Mr. 

A. 2. Valuation monoids. Let A be a multiplicative group. We say that a sub- 
monoid A° is a valuaMon m,onoid of A if (A°)sp = A and for any element to €E A 
the monoid A° contains at least one element from the set {m, m~^}. In particular, 
if (A°)^ = 1 then A° contains exactly one element from any set {m, to~^}. A val- 
uation monoid is always saturated, in particular, it contains the torsion subgroup 
Ator and studying it reduces to studying the valuation monoid A°/Ator of A/Ator- 
Even if A is a multiplicative lattice (i.e. it is finitely generated and torsion free), 
usually A° is not finitely generated, so the following Theorem is very useful. 

Theorem A. 2.1. Assume that K° is a valuation monoid of a multiplicative lattice 
A and (A°)^ = 1. Then A° is a filtered union of its free submonoids with M^p^^A. 

Obviously, it is enough just to prove that any finite subset of A° is contained in a 
free submonoid. Surprisingly enough this is not so simple. We refer to [GR, 6.1.30] 
for an elementary proof of the Theorem. The remaining part of the appendix 
is not used in the paper. We will make two Remarks about geometry of dual 
monoids, monoidal desingularization and local uniformization, and the monoidal 
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Riemann-Zariski space. All these objects describe some combinatorial features of 
their classical analogs. We will treat N as a multiplicative monoid, so we choose a 
" uniformizer" tt G (0, 1) and embed N into as tt^ . 

Remark A. 2. 2. (i) Elements of toric and valuation monoids can be considered as 
functions on geometric objects corresponding to dual monoids. For example, as a 
geometric object corresponding to a toric monoid M one can take the dual monoid 
M* — Hom(A'/, tt'^) or the dual real cone = Hom(M, (0, 1]^) or the spectrum 
Spec(M) as defined by Deitmar in [Dei], i.e. the set of facets of M^. 

(ii) One can glue global monoidal schemes from Spec(M). In particular, to any 
any complete rational fan E = {X^}^!^-^ in correspond such a monoidal scheme 
Ax;. On the level of topological spaces. As is the set of facets cr G S provided 
with the quotient topology with respect to the projection A^ X-£. The stalk 
Oct = Oxs.cr consists of the elements A € A with X{a) < 1. 

(iii) We say that As as above is regular if all stalks Oa are of the form Z' x N"* 
(or Oa is free) ; this happens if and only if the associated toric variety over a field k 
is regular. By [KKMS, Ch. 1, Th. 11] and its proof, any fan E has a refinement by a 
regular fan S. This claim can be considered as a combinatorial (or monoidal) global 
desingularization Xs — >• Xs, and it implies toric (and toroidal) desingularization. 
In a sense, this is the "combinatorial part" of the desingularization of varieties. 
Passing to the dual monoids (the monoids of functions) one easily deduces Theorem 
A.2.1, which is a monoidal analog of local uniformization along a valuation (that is 
formulated in the dual language). 

Remark A. 2. 3. (i) One can also define a monoidal Riemann-Zariski space RZa to 
be the set of all valuation monoids of A provided with the natural quasi-compact 
Zariski (and compact constructible) topology and a sheaf of monoids. We do not 
give all details but note that on the level of sets it can be described as follows: there 
is one generic point of height zero; the set of points M of height one can be naturally 
identified with the unit sphere <S'(A^) in A^ := Hom(A,R^) by normalizing an 
order preserving functional Am : M R^ ; each point M of height one and such 
that the directional tangents of Am are not linearly independent over Q possesses 
infinitely closed points of height two corresponding to rational directions through 
M in S{A^), etc. 

(ii) Alternatively, RZa can be described as the projective limit of all A^'s, where 
S runs through the set of all complete rational fans. Note also that RZa is a 
kind of completion of S'(A^) with respect to the G-topology generated by rational 
polyhedra. 

(iii) The monoidal Riemann-Zariski space 3£ = RZa is tightly connected to 

graded Riemann-Zariski spaces 2) = Px/k with K = k[A] as in [Tcm2, §2] (the 
example after Corollary 2.7). In particular, these spaces are homeomorphic and 
the sheaves (of monoids and of graded rings) are connected as Oig = fc[03e]. 
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